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NOT ICE 
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Administration (NASA),  nor  any person  acting on behalf of NASA: 

_ _  

A . )  Makes any warran ty  o r  representat ion,  expressed  o r  
implied,  with respec t  to the accuracy ,  completeness ,  
o r  usefulness  of the information contained in this  r e -  
po r t ,  o r  tha t  the use  of any information, appara tus ,  
method, o r  p r o c e s s  disclosed in this  repor t  may not 
infringe pr ivately owned rights; o r  

Assumes  any l iabil i t ies with respec t  t o  the use  of, 
o r  f o r  damages  result ing from the u s e  of any infor -  
mat ion,  appara tus ,  method o r  p r o c e s s  disclosed in 
th i s  r epor t .  

B.) 

As used above, "pe r son  acting on behalf of NASA" includes any employee 
o r  contractor  of NASA, o r  employee of such cont rac tor ,  t o  the extent that  
such employee o r  cont rac tor  of NASA, or  employee of such contractor  
p r e p a r e s ,  d i s semina te s ,  o r  provides access  to ,  any information pursuant  
to h is  employment o r  contract  with NASA, or  his  employment with such 
cont rac tor .  

Requests  fo r  copies  of this  report  should be r e f e r r e d  t o  

National Aeronaut ics  and Space Administration 
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THE E F F E C T  OF HIGH PRESSURES ON 

THE CONDUCTIVITY OF VAPORS 

by 

S .  W. Kurnick and J .  F. Colwell 

ABSTRACT 3 w 9 3  
Studies were  conducted to  determine whether increas ing  the density 

of meta l l ic  vapors  would cause them to exhibit e l ec t r i ca l  conductivity. 
Theor ies  based on a one-electron model indicate that  me ta l s  having low 
ionization potentials (i.  e .  , the  alkali  meta ls )  should have the  highest  con- 
ductivity. 
should be high enough t o  be of in te res t .  
model a l s o  indicated that Hg:Cs alloys should be a good candidate. 

Calculations indicated that t he  conductivity of Hg:Cs alloys 
Theor ies  based on a many-body 

Exper iments  in a high p res su re  autoclave were  conducted on pu re  
No conductivity a t t r ibutable  to  the Hg vapor  a t  p r e s s u r e s  up t o  735 a t m .  

vapor was  observed,  indicating a conductivity a - < 
on 9570 Hg:570 Cs  were  made a t  t empera tures  up t o  146OoC and a t  p r e s -  
s u r e s  up  t o  965 a t m .  A dec rease  in  e l ec t r i ca l  l o s ses  was observed and 
may have been caused by conductivity within the vapor ,  however,  the evi- 
dence is not conclusive. Thus,  the  question of the effect of p r e s s u r e  on 
the c~ndi ic t iv i ty  of the system remains unresolved.  However, it does not 
appea r  that  useful conductivities can be attained in the Hg:Cs sys t em at 
reasonable  p r e s s u r e s  (up to  300 a tm) .  

O/m. Measurements  

iii 
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SUMMARY 

An experimental  and theoret ical  r e s e a r c h  p rogram was conducted 
to investigate the possibil i ty of increasing the e l ec t r i ca l  conductivity of 
vapors  by increasing the p r e s s u r e  (up to  1000 a tm) .  Qualitative theoret i -  
ca l  e s t ima tes ,  using a one-electron conduction band model,  showed that  
the best  conductivities would be expected f rom mate r i a l s  with low ioniza- 
tion energ ies  and high polarizabili ty.  The ro le  of e lectron-electron c o r r e -  
lation in  causing a s h a r p  t rans i t ion  between insulation and conduction was 
a l s o  studied. If the t rans i t ion  i s  sharp,  i t  i s  expected that the t ransi t ion 
must  be accompanied by a density change. No conclusive evidence f o r  or 
against  this theory was found. 

Mater ia ls  having high vapor p r e s s u r e s  were  selected fo r  experi-  
mentation so that the p r e s s u r e  and tempera ture  range of i n t e re s t  would be 
applicable.  Delays in designing and manufacturing the required high p r e s -  
s u r e  experimental  apparatus  and in  solving ce r t a in  experimental  problems 
( e .  g. , heat losses)  , r e s t r i c t ed  the  number of experimental  runs that could 
be per formed in the available t ime.  
i ted to  measurements  of Hg, P and 0.95 Hg:0.05 Cs .  
mar i zed  a s  follows: 

Experimentation was therefore  l im-  
Resul t s  a r e  sum- 

a .  Measurements  on P vapor were  l imited to  7OO0C and 1250 ps i  
(85 a tm) .  
tect  ed. 

No conductivity ascr ibable  t o  the  sample was de-  

b. Up t o  10,800 ps i  ( 7 3 5  atm),  Hg vapor exhibited 110 detectible 
conductivity. 
p r e s s u r e s  were  discontinued to  pe rmi t  concentration on the 
Hg:Cs sys tem during the l imited t i m e  remaining in the 
program.  

Measurements  were made on 0.95 Hg:0.05 C s  up to  146OoC 
and 965 a tm.  
between llOO°C and 146OoC, no conclusive evidence for  
appreciable  conductivity was establ ished.  
behavior requi res  fur ther  study. 

Attempts t o  make measurements  a t  higher 

c .  
While an anomalous behavior was observed 

This  anomalous 

As a re su l t  of th i s  p rogram,  i t  i s  concluded that the Hg:Cs sys t em 
i s  mos t  likely to  conduct a t  high p r e s s u r e s .  
theory  must  await fur ther  experimentation. 

However, confirmation of the  

V 
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INTRODUCTION 

This summary  report  describes the p rogres s  achieved during a 
twelve-month theoret ical  and experiinental r e sea rch  program on the effect 
of p r e s s u r e s  up to  about 1000 atm on  the e lec t r ica l  conductivity of vapors .  
This liinit was set  a rb i t r a r i l y  a s  the maxilnum p r e s s u r e  of in te res t .  If 
proven Xralid, the concept had possible application for  MHD gene ra to r s .  

The  e lec t r ica l  nature  of matter 
pe r  cent of that  of normal  solid or  liquid metals  i s  a problem of great  
importance.  On the basic s ide,  it i s  0: the essence  of a "many-body' '  
sys tem where electron cor re la t ions  play an  important ro le  in determining 
both the equilibrium and t ransport  propert ies .  

eve r ,  because of the ex t reme tempera tures  and moderately h igh  p r e s s u r e s ,  
l i t t le experimental  work has  been conducted in this f ield.  ( 4 ~  5, 

a t  densit ies between one and ten 

An increasing amount 0: 

theoret ical  attention i s  current ly  be inr :  devoted to  this subject.  How- 

Technologically, the possibility of achieving essentially metall ic 
conductivity a t  fractional densit ies of solids or  liquids i s  of g rea t  potential 
importance,  both in MHD and thermoelectr ic  sys t ems .  

Theoret ical ly ,  the pqssible increase of conductivity a t  high p r e s s a r e  
i s  explainable in t e r m s  of overlapping d i sc re t e  energy levels.  
in p r e s s u r e  dec reases  the interatomic dis tance m t i l  the wave functions of 
the valence electrons overlap,  with a resultant broadening of the atomic 
ieveis into a conduction band. The thpories ,3f sol id-s ta te  physics have 
long postulated .:hat a sharp  increase  in e lec t r ica l  conductivity occurs  when 
th is  conduction band occur s .  It is  conceivable that under high p r e s s u r e ,  
an a tom with the proper  e lectron configuration might be brought close 
enough to  i t s  neighbor f o r  this t o  happen. 
i t  was est imated that the required p res su re  would be of the o r d e r  of s eve ra l  
hundred a tmospheres .  

An increase  

Before the s t a r t  of the p rogram,  

The  theoret ical  aspect  of this program had a s  i t s  ult imate purpose 
the  establ ishment  of the relation between e lec t r ica l  conductivity and density.  
The experimental  par t  was to  provide meas.Jrements of the e lec t r ica l  con- 
ductivity of vapors  of choice a t  moderate tempera tures  ( s  16OOOC) and a t  
p r e s s u r e s  up to  1000 a t m .  The measurement  of other proper t ies ,  such a s  
the  optical  p roper t ies ,  were  to be pqstponed until such an augmented COA- 

ductivity w a s  experimentally established. 

1 



. -  

The theore t ica l  background fo r  this program i s  d i scussed  in  
Section 11. Sec- 
tion IV and V contain conclusions and recommendations for fu ture  work 
while the  personnel who contribute to this p rogram a r e  l is ted in Section 
VI. 

The experimental  p rogram is .described in Section 111. 
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THEORETICAL PROGRAM 

F r o m  the theore t ica l  point of view, the  prab lem can be reduced t o  

The question i s ,  what happens t o  the elec-  
its essence  by imagining that the atoms a r e  fixed on la t t ice  points with 
n e a r e s t  neighbor dis tances  r .  
t r i c a l  conductivity a s  r i s  var ied from ve ry  l a rge  to  v e r y  sma l l  values? 
One knows the answer for  two regions of the curve;  if r i s  very  l a rge ,  
t he re  can be no interact ion between the a toms  ( in  par t icu lar ,  no t r ans fe r  
of charge through the latt ice) and the sys tem i s  a non-conducting vapor .  
If r has  the value normally encountered i n  liquids o r  sol ids ,  then ( i f  one 
s t a r t s  with atoms that a r e  known t o  be metal l ic)  the conductivity w i l l  be 
quite high. 
apparent  and how rapidly does the conductivity r i s e  as r is made even 
s m a l l e r ?  

Thus the question becomes, at what r does conductivity become 

Although the re  i s  much question a s  to the specif ic  detai ls ,  the 
gene ra l  behavior is  believed t o  be we l l  known. 
the s h a r p  atomic energy levels broaden into energy bands. 
these  bands is related t o  the effective m a s s  of the e lec t rons ,  which de ter -  
mine the  accelerat ion in  response to an  external  f ield.  In other words,  
the  effective m a s s  w i l l  determine the conductivity. It might be mentioned 
that the formation of energy bands i s  an  effect that is  analogous to  the 

The  mechanism i s  somewhat different, however. In a plasma,  the in te r -  
action between a n  atom and the microfieids of the charged par t ic les  lowers  
the ionization energy. In a dense vapor ( o r  a liquid o r  solid) it i s  the  in te r -  
act ions between the neut ra l  atoms themselves that change the energy levels .  

As shown in the sketch, 
The width of 

lowering of the ionization energy in a plasma as found by Ecker  and Kr'dll. ( 6 )  

3 
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At this point, w e  d ig res s  to  d i scuss  the applicabili ty of the calcu- 
Obviously, the a toms in  a vapor a r e  not fixed lations t o  the experiment .  

on regular  la t t ice  points.  
is such a computational convenience that  one i s  loath to  relinquish it. 
Rather ,  one imagines that the g r o s s  fea tures  of the conductivity do not de-  
pend on the detailed atomic positions but on the mean  density.  Thus,  it is 
convenient to  do the calculation fo r  a given la t t ice  position and then, a t  
some point in  the computation, t o  take a n  ensemble average  over the a tomic  
posit ions.  
ductivity by a la rge  amount.  
this  work,  and only a rough es t imate  of the  conductivity was obtained. 

Nonetheless,  the  f ic t ion of a regular  la t t ice  

This  average  would hopefully not change the  value of the con- 
In fact ,  the  average  was not c a r r i e d  out in  

One fur ther  point should be r a i sed .  In pr inciple ,  t he  conduction 
bands,  a s  envisioned h e r e ,  would be formed even a t  z e r o  deg rees  Kelvin 
and would require  no the rma l  activation. The experiments  were  c a r r i e d  
out a t  high tempera ture ,  however,  so that  Saha ionization and the conse- 
quent t ranspor t  of f r e e  e lectrons may a l so  occur .  
es t imated and found to be sma l l  f o r  the p r e s s u r e s  and t e m p e r a t u r e s  of 
in te res t  here ,  at least  for  the cases  of m e r c u r y  and the alloy of m e r c u r y -  
cesium investigated. 

This effect has  been 

The theore t ica l  work i s  descr ibed  in  two sepa ra t e  p a r t s .  The 
f i r s t ,  and shor t e r ,  i s  concerned with calculating the  vapor p r e s s u r e  and 
density of pure Hg and Cs  using van d e r  Waals' law. The second pa r t  i s  
concerned with calculating the conductivity a s  a function of the densi ty .  
Both p a r t s  may be regarded  a s  providing a guide f o r  the design of the  ex- 
per iment ,  and, i n  addition, information f r o m  the  density calculation i s  
needed t o  make the  conductivity e s t ima tes .  

In addition to these  two p a r t s ,  Appendix I contains a discussion of 
the role  played by electron-electron cor re la t ions  i n  the problem of the 
onset of conductivity. This Appendix a l s o  contains a thermodynamical  
analysis  of the nature  of the insulating- conducting t rans i t ion .  This analy- 
s i s  shows that the insulating- conducting t rans i t ion  w i l l  be accompanied by 
a density transit ion; i .  e . ,  the t ransi t ion w i l l  be s imi l a r  t o  a n  ordinary 
phase transit ion and a conducting gas does  not ex is t .  If these  conclusions 
a r e  co r rec t ,  they bode ill for this  p rogram.  It i s  possible ,  however ,  that  
the analysis i s  based on a n  oversimplified model  which in  no case  would 
predict  the existence of a c r i t i ca l  point. F u r t h e r ,  Birch '  s ( ~ )  data appear  
to  show that conducting gases  do exis t .  F o r  these  r easons ,  i t  became even 
m o r e  interesting to c a r r y  out the experiments  t o  see  what behavior is 
actually observed. 

In general ,  f o r  the vapor of a m a t e r i a l  to  be a good conductor,  i t  
mus t  have a low ionization energy and high polar izabi l i ty .  
t h e r e  i s  the experimentally des i rab le  condition that the vapor p r e s s u r e  be 

F u r t h e r m o r e ,  

4 



in a range such that the p re s su re - t empera tu re  region of in te res t  remains  
access ib le .  
and the  alkal ies  (preferably Cs) .  
theore t ica l  p rogram were  l imited t o  these  two me ta l s .  
t ions were  attempted f o r  the non-metals , but cer ta in  quali tative considera-  
t ions descr ibed  in  the experimental  section indicated that phosphorous 
should be promising.  

These  requirements  limit the meta ls  t o  be considered t o  Hg 
The explicit calculations made  in the 

No ac tua l  calcula- 

2 . 1  P r e s s u r e  and Density Calculations 

Data on the vapor p r e s s u r e  as a function of tempera ture  was r e -  
quired t o  permi t  the design conditions of the autoclave to  be calculated.  
The  interatomic dis tance as a function of t empera tu re ,  required f o r  theo- 
r e t i ca l  calculations of conductivity, may be der ived f rom the vapor density 
provided by these  p r e s  s u r e  and density calculations.  

The  required data on p r e s s u r e ,  density and t empera tu re  of m e r -  
r e s s u r e  and t empera tu re  region cury  and other vapors  in  the elevated 

could be taken f r o m  the l i t e r a tu re  ( 7 3  8p; unfortunately, a n  ideal  gas  i s  
a s sumed  a s  the basis  of these  tabulations. It seemed des i rab le  to  u s e  a 
somewhat m o r e  r ea l i s t i c  equation of s t a t e ,  so  some  computations were  
p rogrammed  for  the IBM-7044 fo r  van d e r  Waals' equation, 

( P + ~ ) ( v -  b) = R T  

which is  fa i r ly  successful  in describing gas behavior near  and above the  
c r i t i c a l  t empera ture .  
t ion would be useful in  calculating the dynamics of a gas in an experimental  
appara tus  when applied p r e s s u r e  or  t empera tu re  i s  changed. 

It was fur ther  fe l t  that  data  der ived f r o m  this equa- 

F o r  Hg, the constants 

2 
l i ter  a t m  , and 2 a = 8.093 

mole 

l i ter  
mole 

b = 0.01696 - , 

w e r e  taken  f r o m  
s a l  gas  constant, 

the Handbook of Chemistry and Phys ic s  , with the univer-  
Since the  R = 0.08206 l i te r  atm/mole-OK i n  these  units.  

c r i t i c a l  values a r e  re la ted(9)  to  a and b by 

a 8a , v = 3 b  , T =- - -- 
pc 27b2 C c 27Rb ' 
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this choice of a and b leads to  pc z 1040 a t m ,  T c  x 1450°C, and, calling A 
the atomic m a s s ,  the density p i s  

A x 4 4g -- 3 * 
p =  

V 
C c m  

As i s  well known, below T c ,  the i so therms of van d e r  Waals' equa- 
tion (plotted in  the p - v plane) have a n  oscillation which does not c o r r e -  
spond t o  thermodynamic equilibrium. The  la t te r  is obtained by drawing a 
horizontal isobar  a t  a p r e s s u r e  which in te rsec ts  the i so therm,  T i ,  a t  t h r e e  
points i n  such a way that the two a r e a s  defined between the isobar  and the 
i so the rm,  (with one a r e a  below the i sobar ,  the other above), a r e  equal 
( s e e  sketch). 
and gaseous specific volumes, respectively.  The p r e s s u r e  pi defining the 
isobar  i s  the saturation p r e s s u r e ,  and the line between the ex t r eme  points 
of intersection gives the p-v curve at  T i  in  the liquid-gas mixed phase.  
The  region under the dashed curve represents  this mixed phase,  the r e -  
gion to i t s  left and t o  the left of thc T c  i so therm indicates the liquid phase,  
and the region t o  i ts  right and below the T c  i so therm represents  the gas 
phase.  To the right of the T c  isotherm only one phase i s  defined. 

The  two ext reme intersection points correspond t o  the liquid 

P 

0 v v v  
i L  c ig 
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In the  computer program,  T.  ranged over values f rom 45OoC to 
1 

T c ,  and for  each i so therm,  the saturation p r e s s u r e ,  pi, and the liquid and 
gas dens i t ies ,  piL and pig, were  computed f rom van d e r  Waals' equation. 
F o r  each saturat ion p r e s s u r e  pi,  gas density values were  a l s o  computed 
for the superheated vapor a t  t empera ture  T i j  up t o  200° above Ti. Finally,  
the der ivat ives  ( a p  /aT ) and (ap  / a p ) T ,  which a r e  useful for computa- 
tions of the dynamics of?tge experiment,  were  evaluated over  the pertinent 
range. 

.g g 

S imi la r  computations w e r e  also made for  the alkali  me ta l s ,  where 
no rel iable  c r i t i ca l  data a r e  available. 
were  assumed,  * leading to  van d e r  W a a l s '  constants 

Here T c  = 2500°K and pc = 300 a t m  

2 
l i ter  a t m  , and 

2 a = 59.18 
mole 

l i t e r  
mole b =  0.08548 - . 

It would be fortuitous i f  these values gave m o r e  than a qualitative picture  
of the vapor behavior of one of the alkalis,  l e t  alone of a l l  of them f r o m  
L i  t o  C s .  

F igure  1 shows the densi ty- temperature  relationship a t  saturat ion 

F igures  2 and 3 gives p r e s s u r e  v e r s u s  t empera -  
for  m e r c u r y .  
saturat ion t empera tu re .  
t u r e  f o r  Hg and C s .  

The s t r e a m e r s  are i sobars  for  vapor heated above the 

2 . 2  Conductivity Calculation 

2 . 2 . 1  Out line of method 

The problem of calculating the conductivity of a collection of a toms 
is  not inordinately complicated provided the energy levels for  the elec-  
t r o n s  a r e  adequately given by a band s t ruc tu re  that can be calculated f rom 
a one-electron theory.  ( lo) 
levels  ( o r  r a the r  the effective mass of the electrons which i s  known once 
the energy levels a r e  found), and then to  der ive the coupling between the 
e lec t rons  and the ion density fluctuations that sca t te r  the e lec t rons  f rom 
one s ta te  t o  another ( in  a solid, these a r e  phonons) and, f inally,  t o  find 

The procedure is f i r s t ,  t o  find the  energy 

the conductivity by averaging over  
f a c t ,  adopted th i s  procedure h e r e ,  
s teps  t o  pe rmi t  rapid es t imates  t o  

al l  f i l led energy levels .  We have, in 
using suitable approximations a t  var ious 
be made on a var ie ty  of ma te r i a l s .  

>% 
See page 143 of Ref. 8. 
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Fig.  2--Vapor  p r e s s u r e  of Hg as  a function of t empera tu re  
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According to many physicists("'  12)  the role  of e lec t ron  co r re l a -  
t ions is  such a s  t o  prevent the continuous format ion  of bands as the density 
is  continuously increased .  
until the  density is  g rea t e r  than some cr i t ica l  value. 
outlined above i s  incor rec t  in principle. 
does exist  a t  the elevated tempera tures  of concern h e r e  i s  by no means  
an established fact experimentally.  
final effect ,  t he re  may be little difference between the  one-electron theory 
and  a m o r e  complete many-body theory that takes  into account the  elec- 
t ron  cor re la t ions .  The reason  is that the one-electron calculation, while 
in  principle continuous, actually predicts a ver)  rapid change in  conduc- 
tivity with p r e s s u r e  so  that it may be difficult experimentally to  de te rmine  
whether the actual  onset i s  discontinuous o r  mere ly  a ve ry  s t rong  function 
of p r e s s u r e .  

Instead, t h e r e  will be no formation of bands 
Thus the procedure  

Whether such a c r i t i ca l  density 

In fac t ,  f rom the point of view of the  

The  above discussion about the conductivity does not take into 
account the possible implications regarding density changes that may ac -  
company the conduction changes.  
i t  i s  a s sumcd  that t he re  a r e  two distinct s ta tes ,  the conducting o r  metal l ic  
s ta tc  and the insulating s ta tc ,  and that one knows, qualitatively, how the  
f r e e  energy of these  two s t a t e s  varicBs with density.  
a t rans i t ion  t o  a metal l ic  s ta te  of intermediate densi t ies  i s  thermodynam- 
ically unstable:  
insulator  with a sma l l  density.  

This i s  discussed in  Appendix I ,  where 

It is then shown that 

the ma te r i a l  is  e i ther  a mc.tal with a la rgc  density o r  ai1 

In spite of the above objections, it remains  zin experimental  fact 
that none of the pgints have been verified in any detail; on the  other hand, 
the one-electron ,Dicture has  worked ia i r ly  well fo r  solid and liquid meta ls .  
F o r  this  reason ,  it was felt to  bc useful to  use the  s imple  p'cture to  Dbtain 
es t imates  of the conductivity. 
on a solid formal  foundation, it was hoped that they would be accura te  
eiioiigh t o  provide s c m e  guide in ?!aniiing expcriments  and w=u!d b e  GI s:>I?,c 
u s e  i n  interpret ing any data that were fodnd. Unfortunately, in  -Jiew of the 
s 3mewhat ambiguous na ture  of the data collected, the second function was 
uti l ized in only a cu r so ry  fashion and it is not really known how well the  
f i r s t  function w a s  performed.  

Even though these es t imates  a r e  not based 

The calculations outlined in this section w i l l  now be done. F i r s t ,  
the f o r m a l  expression for the effective m a s s  %Nil1 be der ived .%lid a very 
s imple  expressi.on for  this  m a s s  will b e  found and 1 s  expected 1.0 be quali-  
ta t ively co r rec t .  
fo r  l a r g e  densi t ies  j u t  it is  designed to  be useful f o r  surveying qualitatively 
the behavior of different me ta l s  in  the simal1 density limit. This  s imple 
express ion  is then used to es t imate  the coiiductivity fo r  Hg, C s ,  and 1ig:Cs 
al1o)rs. 
a m e t a l  with one valence electron i s  indicated €or  C s  at small  densi t ies .  

This  s imple  expression is nQt expected to be very accu ra t e  

Final ly ,  a m o r e  detailed calculation that might be c a r r i e d  (>ut, fo r  

11 



We have not been bold enough t o  t r y  t o  make  any predict ions for  
substances ( such  a s  P) which in the no rma l  liquid s ta te  a r e  e i ther  insula-  
t o r s  o r  semiconductors.  This  i s  not because we do not think t h e s e  sub- 
s tances  may become conductors; i t  i s  m e r e l y  because the  s imple  theory 
developed he re  ignores  any formation of chemical  bonds which, in  fac t ,  
mus t  actually form in  insulators  o r  semiconductors .  

2 . 2 . 2  F o r m a l  calculation of effective m a s s  

We sha l l  use  a model due t o  Knight and Pe terson(13)  which gives 
the energy of an interacting sys tem of a toms  in  t e r m s  of a sum over the 
rec iproca l  la t t ice  space ( this  model  was developed fo r  the c a s e  where the 
a toms a r e  located on a given la t t ice) .  It w i l l  be m o r e  convenient fo r  our  
work to  t r ans fo rm th is  into a sum in coordinate space because the  rec ip-  
roca l  lattice vector has  a magnitude l / r  (where  r i s  the separa t ion  d i s -  
tance) and a sum in this space may be expected to  converge ve ry  slowly 
i f  r i s  l a rge .  A sum over r itself should be rapidly convergent.  We a l s o  
p re fe r  t o  work in  coordinate space since the dense  vapor  i s  not ,  of cour se ,  
a perfect  solid, s o  that  we must  take  a n  ensemble average  over  the posi- 
tion of t h e  par t ic les .  
than in  the rec iproca l  la t t ice  space.  

This  i s  mos t  eas i ly  done in coordinate space  r a t h e r  

The d ispers ion  relat ion giving the  energy,  wr i t ten  in  a tomic units 
( 1  A . U .  of length M 0.53 A ,  and 1 A . U .  of energy M 13.5 eV), a s  der ived 
by Knight and Peterson(13)  ( the i r  Eq. 18),  is 

+ 
where $2 i s  the  volume of a unit cel l ,  b is  a r ec ip roca l  la t t i ce  vec to r ,  and 
v i s  the Four i e r  t r ans fo rm of a "pseudo-potential" t o  be d iscussed  l a t e r .  
We have used t Ek f o r  the e lec t ron  energy r a t h e r  than the i r  m o r e  conven- 
tional - Ek; t h e  conventional Ek i s  a negative number s ince we a r e  dealing 
with bound s t a t e s .  
we define the summand of Eq. (3) as  T ( k  t b) .  It has  a F o u r i e r  t r ans fo rm 
which w e  call  f ( r ) ;  

N 

T o  c a r r y  out the trazsfo_trmation t o  coordinate space  

so that we can wr i te  

12 



The actual ra ther  complicated mechanics of finding f ( r )  w i l l  be discussed 
i n  l a te r  sections.  

-+ 
To c a r r y  out the sum over b ,  w e  expand b in t e r m s  of the rec ipro-  

+ -.I 4 

tal latt ice bas i s  vector b. and r in t e r m s  of the latt ice vec tors  ai: 
1 

-* --I -.I 

b = Zrrn.b., r = x . a . /  / a .  1 
1 1  1 1  1 

with 

The use  of E q s .  ( 5 )  and ( 6 )  i n  Eq.  ( 3 )  yields 

( 8 )  
i k . r  - 

e x p ( ~ ~ r i x . n . / a . )  
1 1  1 

I e.N 

- 4  

1 t ( l / 5 ) ,  f ( b t c ) = ( l / n )  r f ( r ) e  ai 
L _  

s in(2~r  x. N/a.) i k .  r n  1 1 

i sin(.rr x . /a . )  
1 1  

(9)  

The  las t  m e m b e r  of Eq. (9)  is f ami l i a r  f r o m  diffraction grating 
theory; i t  i s  of the o r d e r  N ( the numbrr of a toms contained along one edg" 
of the sample ,  and thus a very la rge  number) whenever the denominator is 
ze ro ,  and i s  of the o r d e r  1 elsewhere.  
mated by a delta-function: 

In other  words it is  well approxi- 

s i n ( 2 ~ r  x. N/ai) ~ 1 s i n ( 2 n x .  N/a.) 
1 1 1 - a .  6 (x. - na.)  a s  N .-, . (10) s in  (Tr x . / a . )  TT (xi/a.  - n) 1 1 1 
1 1  1 n n 

The latt ice positions a r e  given by 

where  the  se t  of nil s a r e  a l l  integers.  
the fac tor  which occur s  in Eq. (9) may be wri t ten 

Equations (10)  and (11) imply that 

s i n  ( ~ T T  x .  N/ai)  
1 

R i sin ( ~ r  x. /a . )  
n 

1 1  
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Now i n s e r t  Eq. (12) in  Eq.  (9)  to find 

Equation (13) i s  the des i red  d ispers ion  relat ion for  the energy Ek. + 
The expression,  f ( A ) ,  a s  defined by Eq.  (4) ,  must  be var ied by varying Ek,  
until Eq.  (13) is  sat isf ied.  This value of Ek i s  the c o r r e c t  eigenvalue. 

The  effective m a s s  t enso r ,  which we actually need,  i s  defined by 

4 - t  

1 - V  V E 
i 
3 k k k .  

If the gradient in k i s  applied twice t o  Eq.  (13),  one obtains 

One usually wants the effective m a s s  at  a n  ex t remum in the energy band, 
a t  which point the der ivat ive of E is 0; fo r  these  c a s e s ,  Eq. (15) reduces 
t o  

Final ly ,  we shall be content with a n  average  effective m a s s ,  which we 
define a s  5-1. It i s  the average  over the diagonal e lements  of Eq.  (16) ,  

14 



2 . 2 . 3  ADProximate effective m a s s  

Before proceeding with a general  calculation, we shal l  develop an 
approximation which i s  probably not too far wrong and which i s  very use-  
ful for  obtaining quick es t imates .  
form of a pseudo-potential occurr ing in the Knight-Peterson model. Since 
the atom has a certain s i ze ,  v (q )  must approach z e r o  a s  q approaches 
infinity because of the general  principle that the product of the uncertainty 
in the position t imes  the uncertainty in the momentum i s  fixed. 
imation consists of assuming that ?(q)  i s  very sma l l  for  q g rea t e r  than 
some qo, and that this qo i s  much less than the square-root  of the energies  
involved. 

Recall that v ( q )  is  the Four i e r  t r ans -  

N 

The approx- 

If this i s  the case ,  then Eq. (4) reduces t o  

But, according to  Four i e r  t ransform theory,  this i s  merely the convolution 
of the Four i e r  t ransform of y ( q ) ;  which i s  v( i?) ,  the pseudo-potential i tself:  

Equation (19)  i s  a very physical result  since it say;. that the broad- 
ening in energy levels and the effective m a s s e s  calculated above a r e  due to  
a function which depends on the overlap between various a toms .  
if the a t o m s  a r e  very  localized in space and very f a r  a p a r t ,  then there  w i l l  
be no interactions and all energy levels must  reduce t o  the f r e e  atomic 
s t a t e s .  This  may be expressed  more formally by letting R go t o  infinity in 
Eq. ( 1 3 )  so  that only the t e r m  with 1 = 0 in the sum remains ,  

That i s ,  

1 = i d 3 ,  v 2 -  (1) . 
‘k 

Since Equation (20) is independent of k, the solution is 

E = E  = j d 3 r v  2 -  (r)  . 
k 0 

The fact  that  the atoms a r e  now isolated and do  not interact  implies  that  
Eo is  the  f r e e  atom energy level. 
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Equation (19) can, in principle,  be found f o r  any potential. We shal l  
work it out now fo r  a part icular  potential which, on one hand, can be done 
quite simply, and on the other hand represents  f a i r ly  well the no rma l  s ta te  
of atoms. Namely, we take 

- X r  

r 
A e  v ( r )  = 

Equation (LO') shows that the strength, A ,  and the s ize ,  A ,  mus t  be related 
to Eo via 

The task of actually performing the integration in Eq. (19 )  i s  relegated to 
Appendix 11. The resu l t  i s  

0 - l e  E 

Ek 

-+ 

f (  9.) = - e . 

We now inse r t  Eq.  ( 2 3 )  into Eq. ( 1  3 )  to obtain the energy 

E = E  + x e - x 1  e ik.21 
e k 0 

The effective m a s s  i s  mos t  easily found by differentiating Eq. (24) direct ly ,  
ra ther  than by using the m o r e  complicated Eq.  ( 1 7 ) ;  the resu l t  is 

For  the init ial  es t imate ,  we shall  take A f r o m  the asymptotic value 
of the wave functions to be 

X =/Eo. 

With this ,  a l l  p a r a m e t e r s  in Eq. (25 )  f o r  the effective m a s s  a r e  known and 
we can make numerical  es t imates .  
(the bottom of the band) and f o r  a s imple cubic la t t ice .  

F o r  convenience, we do this fo r  k = O  
This  la t te r  s ta te-  
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ment impl ies  that there  a r e  6 a toms with 
ation) , 12 a toms  with 9. = r J 2 ,  and 8 with A = rJ3,  e tc .  The r e su l t s  for 
the C s  s-band and Hg p-band a r e  reproduced in F igu re  4 which plots the 
effective mass ve r sus  r .  Since the experimental  var iable  i s  the p r e s s u r e ,  
we m u s t  convert  r to density and then, using F igu re  1 ,  to p r e s s u r e .  This  
is  done i n  F igu re  5. 

= r ( r  i s  the interatomic sepa r -  

2 .  2 . 4  Estimation of conductivities 

W e  shall  now compute conductivities to be expected on the bas i s  of 
the preceding es t imates .  I t  m u s t  be emphasized that the numbers  we obtain 
a r e  \-cry unreliable for  severa l  reasons;  f i r s t ,  the work in the preceding 
section w a s  very  approximate and designed to give a quick es t imate .  
second proviso i s  that the scattering t ime has  not been calculated. 
m e r e l y  es t imate  i t  on what i s  known for other  electron sys tems.  
m a t e s  were  undertaken in spite of their lack of f i n a l i t y  because i t  was hoped 
that they would provide some guidance a s  r e g a r d s  the range of p r e s s u r e s  
and t empera tu res  which must  be reached a s  well a s  some guidance a s  to  the 
mos t  promising ma te r i a l s .  

The 
We 

The esti-  

F o r  the conductivity, we take the usual expression 

2 = n e u  (27) 

where n i s  the number of c a r r i e r s  per unit volume, e the e lec t r ic  charge,  
and c. the mobility. 
o ra te  calculations,  ( 14)  show that the mobility i s  of the f o r m  

Ei ther  simple kinetic theory a rguments ,  o r  m o r e  elab-  

for me ta l s ,  and of the f o r m  

f o r  semiconductors .  
immate r i a l  for our  p re sen t  c rude  est imate;  we take Eq. (28) for  definite- 
n e s s  and a l so  because i t  is somewhat s impler .  

The difference between these two express ions  is 

By using Eq .  ( 2 8 ) ,  Eq.  ( 2 7 )  can  be rewri t ten i n  the f o r m  

17 
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F i g .  4--Efiect ive m a s s ,  nl - , of Cs and Hg v e r s u s  in te ra tomic  
distance ( r ) .  Atomic energy  level  (E,) in  a tomic  uni ts ,  
a s  a pa rame te r  
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where go is the conductivity a t  some convenient tempera ture ,  To and 
density, no, and where the effective mass is about 1 .  
to be the normal  liquid. 

We take th i s  s ta te  

2000 

2100 

We shall now d i scuss  some specific ma te r i a l s ,  s tar t ing with C s .  
The liquid resist ivity,  depending on which data is  used,  ( I 5 )  i s  about 
0.  36 bohm-meter .  3 The density is  about 2 g/cm , so 

3 115 1 2 2 . 9  1 . 2 1  5 . 6 4  zs 10 

144 I 2 1 . 2  1 . 1 2  7 .10  3 00 
I 

23 2 L L  3 
n = 6 X  10 X - =  0 . 9 X  10 /cm . 

0 133 

2300 I 2 1 3  18. 2 
I I 

2400 I 250 I 1 6 .  7 
I 

2500 1 300 , 14. 2 

W e  round this off to 10" for  future work. 

1 .04  8 . 9 0  I 160 

. 9 6  11.24 I 90  
I 

. 8 8  14 .54  1 34 

. 7 5  2 3 . 5  

The conductivity i s  now est imated as  a function of p r e s s u r e  for  C s  

Finally the 
vapor in equilibrium with the liquid, by  f i r s t  using F igu re  5 to find r for  
a given p res su re  and then using F igu re  4 to find iii for  that r ,  
density i s  given by 

(31) 
- 3  n = r  

\\,hei?e I' i n  Eq. (31) must  be i n  cm.  All of the quantities so found a r e  
substituted into Eq.  (30) to find the conductivity. 

The chain of numbers  i s  given i n  Table I; the resu l t  i s  graphed in 
This F igu re  shows that ra ther  lai-ge conductivities can be F igu re  6. 

obtained at  modest  p r e s s u r e s .  
reg ime,  a s  can be seen f r o m  Table I ,  since these p r e s s u r e s  correspond 
to very large liquid tempera tures .  The t empera tu res  a r e ,  in fact, con- 
siderably over the rating of the furnace which was  used in this r e s e a r c h  
s o  pure C s  w a s  not explored experimentally.  

This  i s  s t i l l  not an easy  experimental  

Table I 

EFFECTIVE MASS AND CONDUCTIVITY O F  C s  

U 

(ohm- ' /m)  

0 . 0 2 s  

I 0 . 3 0  

1.47 

5 . 4  

I 
I 

5 s  

6 9 0  I 
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Also shown i s  the conductivity due t o  
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In addition t o  the  formation of bands a s  envisioned above, ord inary  
Saha ( thermal)  ionization of the Cs  vapor may occur  and a conductivity due 
t o  the result ing f r e e  electrons w i l l  be observed.  
f r e e  e lectrons ni i s  given by the Saha equation, wri t ten h e r e  in  the approx- 
imat ion of sma l l  percentage ionization: 

The  number of t hese  

2 2~rmkT 3 /2  -E/kT 
1 = n (  h2 ) e * 

where  

n i s  t he  number densi ty  of Cs  a toms ,  
m is the f r e e  e lec t ron  m a s s ,  
h i s  P l a n c k ' s  constant, and 
E i s  t he  Cs  ionization energy (3 .88  eV). 

The ionization energy would actually be expected to  be lowered somewhat 
by the  same  so r t  of interact ions that  f o r m  the energy bands and by the  
fluctuating plasma potentials,  a s  found by Ecker  and Kr.dll .6 The  effects 
have been ignored, however,  s o  the Saha conductivity may  actually be 
higher than found he re .  

The  conductivity of a f r e e  plasma i s  

2 n; e 

where e i s  the electronic  charge,  and V is the  mean sca t te r ing  frequency. 
Following Robinson, (16) we judge that neut ra l -e lec t ron  sca t te r ing  i s  the  
most  important for  the values of n of i n t e re s t  h e r e  and thus adopt his value 
of 

6 -  10 -6 ( c m  3 / s ec )  . (34) 

The  value of u due t o  Saha ionization is shown a s  the dashed l ine 
in  F igu re  6 .  
due to  band formation. 
a good ma te r i a l  in  which t o  s e a r c h  f o r  band format ion ,  
par t ia l ly  masked by the m o r e  common p la sma  conductivity. 

F o r  the lower t e m p e r a t u r e s ,  i t  i s  actually g r e a t e r  than that  

The  effect  wil l  be 
This  i s  perhaps  another  r e a s o n  why pure  C s  i s  not 

We now t u r n  t o  Hg, which has  a liquid conductivity of about 10 6 
ohm-'/,; and a density of about n = 4 X 1022/cm3. 
energy of Hg is 10.38 eV, the re  i s  negligible Saha ionization and any con- 
ductivity must  be due t o  band format ion .  The  p r o c e s s e s  that  occur  in  Hg 
may  be quite different f r o m  those that occur  in  C s  because the  s level  i n  

Since the  ionization 
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Hg is fi l led,  indicating that the resulting energy band can be fi l led.  
analogy with solids,  conduction can occur i n  one of t h ree  ways: 

By  

a .  Metallic conduction i n  which the  next band (originating f rom 
the atomic p s ta te)  overlaps the s band--(this presumably  
happens in  the liquid), 

Intr insic  semiconduction ( the rma l  excitation f r o m  the  s t o  
the p band), and 

Extr insic  semiconduction ( in  which impuri t ies  a r e  del iber-  
ately added to  contribute the i r  e lec t rons  t o  the p level) .  

b .  

c .  

F o r  a l l  conduction p rocesses ,  one must  know 
top of the s band and the  bottom of the p band. 
band, we a s s u m e  it occurs  when 

the position of the 
T o  find the top of the s 

- - +  
i k .  l 

= - 1 fo r  nea res t  neighbors, and 
i k .  II = 1 for next neares t  neighbors,  
._ -, e 

e 
( 3 5 )  

Thus,  for the p band 

E bottom = E  p [ l t 6 e s p ( - r / z  P ) t l 2 e x p ( - r m t  P . . . . I .  ( 3 6 )  

F o r  the s band, 

.I r 

E = E s ~ l - 6 e x p ( - r ~ ) + 1 L e x p ( - r , ~ ) -  S S . . . .  . ( 3 7 )  
. j  

top 

The resu l t s  a r e  shown in F igure  7 .  I t  can be seen a t  once that 
metal l ic  conduction ( case  a )  will not be  reached until the density approaches 
that f o r  a no rma l  liquid. 
a t  a separation sma l l e r  than for the liquid. 
i s  only valid for  l a rge  r ,  however, so  the model  i s  not expected to give 
quantitative r e su l t s  for small r .  

In fact, the figure shows the energ ies  c ross ing  
Equation ( 2 2 )  for  the potential 

We now es t ima te  the conductivity for  the other  two c a s e s  l is ted 

If they have equal mobili t ies,  the conductivity i s  
above. 
holes and electrons.  

F i r s t ,  we es t imate  case  b, for  which the re  i s  an  equal number of 

( 3  8 )  
- 2  

CT = 2a (n/n ) ( T  /T)  ( l / m )  . 
0 0  0 

2.3 
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(17) Now for  an  in t r ins ic  semiconductor 

T 
(OK) 

1200 

1300 

1400 

1500 

1600 

1700 

E - E  
3/2- 3/2 u n 2 x ~ o ~ ~ ( T / T  ) m 2kT ] 0 

(5 3 E - E  
P r n/cm s P - 

(a tm) (A .U. )  ( X  lo2') 2kT m (ohm- l /m)  

200 16 .5  14.8 22 .3  130 3 . 7  x 

300 14.4 22.0 20.5 70 3 . 1  

430 13 .0  3 0 . 6  19 .1  25 2 . 9  x 

550 1 1 . 7  43.0 17.4 " 14 1 .  7 x 

770 10.6 60 16. 1 8 8 .3  x 

990 9 . 4  90 14.8 4 0.44 

s o  

( 3 9 )  

We now calculate t h i s ,  a s  shown in Table I1 and plotted in  F igu re  8 ,  
by taking E, - E 
(the p s ta te)  mass.  

f r o m  Figure  7 and f r o m  Figure  4 ,  using the electron 
P 

F igu re  8 shows that for  Hg. reasonable conductivities may be 
reached by 1000 a t m  (a t  which point the t empera tu re  is 1700OK) which 
makes  i t  the m o r e  reasonable  f i r s t  choice fo r  proof tes t ing.  One may 
even engage in  a bit of opt imism on this  point s ince F igure  8 may under-  
estirnate the  conductivity because 0 1s proportional t o  exp [ - ( E s  - Ep)/2k'l '] 
and w e  know that  E, - E 5 .  We may a l so  
hope i t  is too la rge  f o r  la rge-  r as  wel l .  

is too large in magnitude a t  r 
P 

Table I1 

EFFECTIVE MASS AND CONDUCTIVITY OF Hg 
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T (OK) 
Fig .  8 --Estimate of the conductivity of pure Hg 

vapor versus temperature 
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We now turn to c a s e  c nientionctl ;-ll>ove: iising m c r c u r y  a s  a doped 
scrnicontluctor. We s h a l l  suppc)sc t l i a t  tlic cspee-iment cons is t s  o f  mixing 
m e r c u r y  with somc other  mctal a n d  observing tlie conductivity of the vapor 
of this a l loy.  We a s s u m e  that a l l  the "jmptirity" a toms in the vapor donate 
an elcctron to the p band that i s  formed h y  thc merc1iry s o  the conductivity 
takes  place w i l h i n  the mercu ry  but via elcc-tl-ons from the other  spec ies .  
We s h a l l  take ces ium a s  the donor sin( e j t  has a high vanor p r e s s u r e  and 
can be expected to contribiite the most  eleci  ron s to the conduction p rocess .  

"A' According to R a o u l t ' s  law, (18) the nriml-,er of a toms of spec ies ,  
in the vapor i s  re la ted to  the percentage,  X A ,  i n  the liquid by  

where n A 
vapor p r e s s u r e  P 

i s  the number of a toms i n  the vapor above the pure liquid A .  The 
i s  s imi la r ly  given by A 

where  P i  i s  the vapor p r e s s u r e  o f  the prii-e liquid A .  
tioned that Raoul t ' s  law i s  known to lie inacctirate for many substances.  
I t  i s  not expected to be invalid by large amounts ,  however, so i t  i s  not 
unreasonable  to use i t  h e r e .  

I t  should be men-  
(18) 

The procedure  used to calculate the conductivity u s e s  Eq. ( 3 0 ) ,  i n  
which n i s  the number of C s  a toms  given b y  Eq. (41)  and Et i s  the effective 
m a s s  o f  Hg a t  the p r e s s u r e  given b y  Eg. (42). 
ductivity v a r i e s  with X c . ;  i f  the tempera ture  1s held constant .  
m u m  that  is  evider,t in T i b l e  I11 is not ha rd  to understand; the number of 
e l ec t rons  i n c r e a s e s  a s  X inc reases ,  but FE d e c r e a s e s  because the 
m e r c u r y  p r e s s u r e d e c r e a s e s .  A t  some point the d e c r e a s e  in FE s t a r t s  to 
dominate .  

Table 111 shows how the con- 
The maxi-  

c s  

The  phase d i ag ram fo r  Hg-Cs  a l loys ( s e e  F ig .  9 and Ref.  19) shows 
that  t h e  alloy is  a liquid a t  room tempera ture  only when XCs is l e s s  than 
about 5 percent .  
s a m p l e  i s  a liquid a t  room tempera ture  and s ince  Table  I11 does  not show 
l a r g e  improvements  if the C s  concentration i s  increased  above this value,  
it was  decided t o  pe r fo rm the experiments  with 5 percent  C s .  
duct ivi t ies  es t imated for  th i s  c a s e  a r e  given in  Table  IV and shown in  
F i g u r e  10. 
Hg t o  w a r r a n t  a n  exper imenta l  study of th i s  sys t em.  

Since the experiment is much e a s i e r  to  pe r fo rm i f  the 

The con- 

These  conductivities a r e  sufficiently higher than those f o r  pu re  
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Table I11 

CONDUCTIVITY O F  Hg-Cs  ALLOY FOR 
VARIOUS Cs CONCENTRATION, T = 1600°K 

. 2 5  

.40  

.097 

. 1 9  

. 2 9  

. 3 8  

. 4 9  

. 7 6  

‘c 
250  

200 

t 5 0  

100 

50 

0 

-100 

760 

720 

680 

640 

600 

480 

-1  ohm /m 

. 6 5  

1.20 

1.40 

1.45 

1.41 

. 9 1  

Atomic Percentage  (Hg) 
10 20 30 40 5 0  60 10 80 90 O F  

4 0 0  

300 

2 O G  

too 

0 

-100 

(0 20 30 40 5 0  60 7 0  00 90 
Weight Pe rcen tage  (Hg) 
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Fig .  10--Conductivity of 95% Hg:57'0 C s  as  a function 
of the vapor pressure of Hg 
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Table IV 

T 
(OK) 

1300 

1400 

1500 

1600 

1700 

CONDUCTIVITY OF 0.95 Hg:0.05 C s  AS A 
FUNCTION O F  PRESSURE 

n P (T U 
Hg (band formation) (plasma) c s  

( x  1020 (atm) (ohm- '/m) (ohm' '/m) 

.032 3 00 .003 7 .7  

.046 420 .032 2 . 3  

.075 5 70 . 187 6 .5  

.097 760 .650 1 .4  

. 110 950 2 .40  2 . 4  

The percent  ionization of the C s  a toms  a t  the t empera tu re  given 
An explicit calculation of the  conductivity in Table IV i s  ra ther  smal l .  

based on such ionization is a l so  given in  Table IV and i s  seen to  be negli- 
gible compared t o  u brought about by band formation. 
conductivity of the Saha contribution, Q (p lasma) ,  it was assumed that the 
main scattering was between an  electron and neut ra l  m e r c u r y  a toms .  
Since t h e  scattering c r o s s  section i s  expected t o  scale  somewhat a s  the 
polarizability, (16) fi was a rb i t r a r i l y  taken t o  be one tenth a s  la rge  a s  i t  
i s  for  neutral  cesium atom scat ter ing.  

To  compute the 

2 . 3  Mor e Elaborate  Calculations 

We shall now outline a method for  improving on the potential given 
by Eq.  (211 
a r e  using( ') i n  the following way: the t e r m  in Schrzdinger '  s equation, 
which i s  of the form of the actual  potential t imes  the wave function, was 
replaced by v ( r )  t i m e s  an integral  of v ( r )  t i m e s  the wave function. F o r  
our  present  purpose,  the integral  is a disposable normalizat ion that w i l l  
be used t o  reproduce the co r rec t  atomic level,  t he re fo re  we omit it in the 
following. 
thus the preceding implies  the formula  

The  pseudo-potential v ( r )  was introduced into the model we 

We cal l  the actual  potential V ( r ) / r  and the wave function @(r) ,  

We u s e  a statist ical  model(20) f o r  V ( r ) ,  which should be valid f o r  the 
l a rge  atoms w e  a r e  considering. 
Schrzdinger '  s equation numerical ly ,  using this  Same potential .  

The wave function is  found by integrating 
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These  numer ica l  wave functions a r e  used  t o  fit v ( r )  with functions 
of the f o r m  

This  i s  done for  analytic convenience because it is only relat ively tedious 

a r e  used ,  then the analytic work is very tedious.  
f ( R ) ,  using Eq. (44), is done in Appendix 11. 

t o  find f (  1) with no approximations i f  Eq.  (44) i s  used .  If S la te r  functions (2 1) 
The actual  der ivat ion of 

The  f o r m  of the pseudo-potential found numerical ly  i s  shown in 
F igu re  11. 
as expected but that  n e a r  the origin it grows t o  ve ry  l a rge  values .  
value of the pseudo-potential  n e a r  the origin is not expected t o  affect the 
values  of the effective m a s s  to  any extent so the f i t  indicated by Eq.  (44) 
has  been broken off with the f i r s t  few t e r m s  and no attempt has  been made  
t o  f i t  the oscil lations a t  s m a l l  r .  (Parenthet ical ly ,  it may  be r emarked  
that this  method could probably be made m o r e  accu ra t e ,  as well  a s  l e s s  
a r b i t r a r y ,  i f  a pseudo-potential i n  the m o r e  common sense  of the t e r m ,  a s  
used by Phi l l ips  and Kleinman, (22) were  used f o r  the potential  V ( r ) .  If 
th i s  w e r e  done, both V ( r )  and v ( r )  would be replaced by functions which, 
nea r  the or igin,  a r e  s m a l l  and vary slowly. 

Note that i t  exhibits the exponential decay with la rge  dis tance 
The 

This  w a s  not done however . )  

Because the pseudo-potential has  th i s  peak a t  the or igin,  the f i t  
The values of the calculated effective was not completely sat isfactory.  

m a s s  depend to  some extent on the number of t e r m s  used in Eq.  (44). By 
the t i m e  this was rea l ized ,  it had become apparent  that  Cs  would not be 
measu red  experimental ly ,  s o  this  phase of the theore t ica l  work was not 
-.. Y,-..l pu l  J u,d. 

The numbers  that were  found fo r  the mass,  using th i s  second 
method, a r e  shown in F igu re  12, where they a r e  compared with the e a r l i e r  
approximation. It can be seen  that the new calculations a r e  far s m a l l e r  
and would predict  a conductivity far l a r g e r  than the one given in  Table I. 
The r eason  why the new calculation is sma l l e r  can be at t r ibuted t o  two 
f ac to r s :  the wave function fa l l s  off m o r e  slowly than had previously been 
a s sumed  and the m o r e  accu ra t e  calculation of the overlap in tegra ls ,  taking 
into account a c o r r e c t  t rea tment  of the denominator in E q .  (4), brings in  
f ac to r s  which tend to  lower the value of m. The relat ive amount by which 
these  two effects change can be judged by the th i rd  curve in  F igu re  12 
which shows m calculated by the  f i r s t  method but using the decay (1) which 
i s  used  in the second method. 

Which of the t h r e e  curves  in F igu re  4 is  m o r e  nea r ly  the t r u t h  
is a moot question. Probably the t ru th  l ies  c lose t o  the middle one. 
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F ig .  12-.-Effective m a s s  m versus  interatomic dis tance r 
( in  A .  U . )  showing differences between the two 
methods of calculation 
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EXPERIMENTAL PROGRAM 

3 .  1 Exper imenta l  Method 

During the f i r s t  few weeks of this p rogram,  var ious  methods of 
measur ing  the e l ec t r i ca l  conductivity of a vapor a t  t empera tu res  up to 
150OoC and p r e s s u r e s  up to 1000 atm w e r e  considered.  
intended to use  the t ransformer-br idge  technique long e m  lo ed in physical  
chemis t ry  for  measur ing  the conductivity of e lectrolytes .  p23y This  method 
avoided direct-contact  difficulties caused by the immers ion  of e lec t rodes  
in the fluids.  
lowing reasons:  

Initially, i t  was 

On fur ther  evaluation, this  method w a s  dropped f o r  the fol-  

a .  The difficulty of using a toroid in any high p r e s s u r e  apparatus  
because of its sprawling geometry,  

The difficulty of subjecting the toroid to a uni form tempera ture  
a s  h i g h a s  1500°C, and 

The unavailability of a suitable t r ans fo rmer  m a t e r i a l  with a 
sufficiently high cu r i e  tempera ture  for operat ion in the range 
of t empera tu res  selected.  

b .  

c .  

The problem then was how to maintain the one advantage of the 
toroidal  bridge,  i. e .  , e lec t rode less  measu remen t s  taken through the 
toroidal  walls,  and at the same  time, io avoid the disadvaztages l isted 
above. 

To solve the problem, the f i r s t  approach considered w a s  to adapt 
the technique of measur ing  the change in inductance, ascr ibable  to the 

in the determinat ion of the low e lec t r ica l  res is t ivi ty  of me ta l s .  
technique, an e l ec t r i ca l  conductor i s  introduced into the field of an induc- 
tor  and the modified r e s i s t ance  and inductance i s  indicated by a I1QI1 m e t e r  
o r  rf br idge.  F igu re  13 shows the change in the diss ipat ive factorAR/wLo 
a s  a function of (wmv)8a, which i s  a m e a s u r e  of the ra t io  of the coil  rad ius ,  
a, re la t ive  to the "skin depth" (w0pV/2)-* of the conductor.  Notice the 
s h a r p  peak in the dissipation factor  (- l /Q)  when ( a g p v ) k  ~ 2 . 5  which 
enables  one to isolate  the maximum response .  
known values  of w, a, and pV( = 4rr x 
evaluate  a. If we apply this  technique for  u = 100 ohm-'/m ( l a r g e r  than 

eddy c u r r e n t  l o s s  in a closely-coupled conductor, used  by Z immerman  (24 1 
In this 

At this  point, and f r o m  the 
for  f r ee  space)  one can readi ly  
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any conductivity expected) and a - 1/200 m e t e r  and solve for  Q:, we de te r -  
mine that 
of cen t imeters .  

= l o l l ,  a frequency corresponding to  wavelengths of the o r d e r  

Because of the high frequencies involved and because it would be 

If 
r a the r  difficult t o  pipe our  signal out of the p r e s s u r e  vesse l ,  th is  tech-  
nique was set  as ide  for the conductivities expected (.- 100 ohm- l /m) .  
the conductivities had turned out t o  be higher than expected, th i s  technique 
would have been reconsidered.  

Another method inve stigated , bas ed on capacitive coupling, which 
we adopted fo r  ou r  init ial  experiments ,  i s  capable of measuring higher 
res is t ivi t ies  than that ascr ibed  for  the inductor technique a t  a given f r e -  
quency. Again, measu remen t s  a r e  taken by means  of a "Q" m e t e r  o r  a 
high frequency bridge. In th i s  method ( s e e  Fig.  14a),  the res i s tance  i s  
measured  between two tabs .  
solution in  an Alundum tube and the resis tance values plotted ve r sus  the 
length between tabs .  As shown in Figure 15 ,  the l inear  plot does not go 
through the origin because of the finite contribution of the end effects; how- 
e v e r ,  the slope of the curve  may I3c determined t o  within 5 percent .  
tually,  to  avoid end effects ,  the resis tance should be measured  between 
tabs  1 and 3 ( s e e  F i g .  l - l b ) ,  which a r e  - 8  c m  apa r t .  By repeating the 
measurement  between tabs  2 and 3 and using the difference between these 
two measu red  values ,  one obtains a res is tance value f o r  the dis tance be- 
tween tabs  l and 2 ( 3  cm)  which i s  f rce  of end effects.  
suggested by that employed b Weingarten and Rothberg in evaluating the 
resist ivity of silicon b a r s .  ( 2 f z ;  The conversion of "C" m e t e r  readings t o  
res i s tance  measu remen t s  i s  described in Appendix 111. 

This technique was tes ted on an  electrolytic 

Ac- 

This  technique was 

3 . 2  Experimental  Apparatus 

In measur ing  the conductivity of a vapor by the method descr ibed  
in Section 3 ,  1, the sample tube must e i ther  be capable of withstanding the  
high internal  p r e s s u r e s  o r  a cornpensating p r e s s u r e  must  be applied t o  the 
tube ex ter ior  t o  keep the p r e s s u r e  differential a c r o s s  the tube walls a t  a 
safe level,  say  2 0 0  psi .  
would be highly des i rab le .  

Obviously, a combination of the two fea tures  

Of the var ious c e r a m i c s  considered fo r  u se  a s  a sample  tube,  .*. 
Lucalox' '  ( ve ry  high densi ty ,  mult icr  stall ine A1Z03) was selected because 
of i t s  reported high tensi le  strength ( 3 6 )  ( s e e  F ig .  16) and because i t  will 

.II -8- 

A General  Elec t r ic  product 
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C 
Tab 1 +h 

o r  
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c 
Equivalent 

Circuit  

Tab 1 

Tab 2 

Tab 3 

/- Metal Band 

Fig .  14--Arrangement  f o r  eliminating end effects i n  a "capacitance- 
coupled" r e  s i s  t ivit y mea  s u r  ement  . 
located c lose  by fo r  t empera tu re  m e a s u r e m e n t s .  

Thermocouples  a r e  
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F i g .  15--Resistance of a n  electrolyt ic  solution in a n  
Alundum tube plotted v e r s u s  length 
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F i g .  16--Rupture s t rength of Lucalox a s  a function of 
t empera tu re  ( s e e  Ref ,  2 6 )  
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not reac t  with cesium vapor a s  will ceramics  containing Si .  If the repor t -  
ed high tensi le  strength of Lucalox could be real ized in a configuration 
such a s  we requi re ,  one could safely conduct experiments  a t  t empera tures  
up t o  1,600°C and at  p r e s s u r e s  of a few hundred a tmospheres .  However, 
in  fac t ,  under the conditions of our experiment,  the var ious sample tubes 
ruptured with p r e s s u r e  differentials ranging f rom 3000 t o  4250 ps i  (204 
to  290 a tm) .  These conditions included a la rge  t h e r m a l  gradient.  

3 . 2 . 1  High p r e s s u r e  autoclave 

In view of the uncertain strength of the best  available ma te r i a l  
(Lucalox) fo r  sample containment, prudence dictated the design and con- 
s t ruct ion of a suitable autoclave to contain the sample tube and to  maintain 
a high p r e s s u r e  (of helium) on the tube ex ter ior .  Such a unit ( s e e  F ig .  17) 
was designed and constructed of high strength s tee l .  It contains an  internal  
hea te r  purchased f rom Marshal l  Furnace Products .  The autoclave itself 
was constructed by the Autoclave Engineering Co. of E r i e ,  Pennsylvania, 
and w a s  delivered ear ly  in September,  1964. 

The  autoclave drawing in Figure 17 does not show the furnace 
which is  descr ibed separately below. The  autoclave i tself  consis ts  of a 
gun s t ee l  body, 41- 1/2 in. long with an i. d. of 7-3 /4  in. and a n  0.d.  of 
12- 1/4 in.  
used f o r  cooling and to  minimize corrosion in case  of sample tube fai lure .  
The l iner  reduces the internal  working d iameter  t o  6-1/2 in. P r e s s u r e  is  
maintained by the Viton O-r ings and both body covers  are  maintained in  
position by the help of separa te  nuts.  
thus enabling one to  maintain electr ical  leads without twisting off the 
leads in sealing. Elec t r ica l  leads for the furnace come through the water-  
cooled electrodes of the body cover  and e lec t r ica l  leads for  the measuring 
sys t em come through Conax glands. 
couple wi re s  of Pt and Pt:Rh and Cu and Cu:Ni. 
were  used  for  passage through the Conax glands 
too ducti le for  gland packing. 

It i s  lined internally with a grooved s ta in less  s t ee l  l iner  

The  body covers  a r e  non-rotatable 

These leads 21e a c t ~ a l l y  thermo- 
The Cu and Cu:Ni wires  
because Pt and Pt:Rh a r e  

The  furnace,  which was specially built by Marsha l l  Fu rnace  
Products ,  contains two hea ter  zones,  each separa te ly  controlled and 
powered by two powerstats  working into the p r i m a r y  coi ls  of step-down 
power t r a n s f o r m e r s .  Attached to its furnace coi ls ,  made of a n  alloy of 
Mo and Re, a r e  leads which a r e  coiled for  ease  in making connections t o  
the water-cooled te rmina ls  i n  the top cover.  One costly e r r o r  ( in  t e r m s  
of t ime)  in  i t s  construction w a s  that it was improperly packed with bubble 
a lumina.  
quate.  
where  furnace power loss  became an important factor  in  l imiting the 
highest  t empera tures  obtainable. This was eventually cor rec ted  by 

At low p r e s s u r e ,  the insulation ability of th i s  ma te r i a l  was ade- 
However, it provided inadequate insulat ionat  the higher p r e s s u r e s ,  
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repacking the furnace with a higher-density alumina powder,  of about 80 
grit s i ze .  
num oxide. 

This alumina was obtainable a s  ordinary reagent-  grade alurni- 

F o r  s implici ty ,  and since the initial runs were  required to  show 
evidence of conductivity, only two measuring bands were  placed around the 
saiiiple tube.  
to perillit accurate  positioning of the sample liquid-vapor interface.  
the tube contains the liquid sample,  the s t r ip  constitutes one plate of a 
capacitor and the liquid i s  the o ther .  By using a "GI' m e t e r ,  the capaci- 
tance i s  measured a s  the liquid level r i s e s  and falls  and ,  by proper  Cali- 
b ra t ion ,  the level can thus be positioned accurately.  

In addition, a metal  s t r ip  was mounted on the sample tube 
When 

F o r  safety considerations,  the autoclave was positioned in  a wood, 
sand, and chain-mail safety enclosure.  Controls and monitoring equip- 
ment were  containedin an adjoining building. 

A schematic  d iagram of the p re s su re  control and monitoring sys tem 
i s  shown in F igure  18. 
installed on a convenient control panel ( s e e  F i g .  19 ) .  
18, the system incorporates  rupture d iscs  ( s e e  1 2 ) ,  which have a burst  
p r e s s u r e  of 18,000 ps i  (- 1200 a t m ) .  Al l  valves and tubing a r e  made of 
s ta in less  s tee l .  Helium for  pressurizing the autoclave is  supplied f r o m  
2 s tandard p r e s s u r e  cylinders at an initial p r e s s u r e  of - 2500 ps i  ( 1 6 ) .  
*4fter the autoclave p r e s s u r e  stabiliLes a t  2000 ps i ,  a Haskel a i r -dr iven  
gas compresso r  ( 9 )  r a i se s the  p re s su re  to  the des i red  level (. 1000 a t m ) .  
The Haskel compresso r ,  which i s  rated a t  1 . 2  s c fm,  2 0 , 0 0 0  ps i  maximum 
output, i s  controlled by a needle-type speed-adjust  valve and an a i r  p r e s -  
s u r e  regulator (8  and 10) on the control panel. 
compresso r  i s  maintained by a Joy compressor  and i s  indicated by an  
Ashcroft  gauge ( l ) ,  while the autoclave p r e s s u r e  and the p r e s s u r e  in the 
saimple t ubz  are indicated by 2 Heise hourdon ga i iges  ( 2  and 3 ) .  
ple tube shutoff valves ( 7  and 1 3 )  and the sample p r e s s u r e  gauge ( 3 )  a r e  
a l l  modified for u se  with mercu ry .  
manually- operated 
sys t em (20)  to  permi t  the height of the liquid-vapor interface to  be adjusted 
in a t empera tu re  gradient, thus allowing the vapor p r e s s u r e  t o  be varied 
without changing the vapor temperature .  

A l l  p re s su re  gauges and the pr incipal  controls a r e  
A s  shown i n  F igu re  

Air  p r e s s u r e  to  the gas 

The Sam- 

Late in the p rogram an adjustable,  
piston was connected to  the sample -p res su re  measur ing  

Tempera tu res  a t  various points in  the high p r e s s u r e  apparatus  a r e  
monitored by means of thermocouples ( T . C . )  positioned as shown in F igu re  
2 0 .  
that of the liquid-vapor interface by T .  C. 5.  

The tempera ture  of the vapor is measured  by means  of T .C .  2 and 
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A L L  TUBING:  3 0 4 S S ,  3 0 , 0 0 0  P S I  
I / ' +  IN. O D ,  0 . 0 8 3  I N .  I D  

1 .  A i r  p r e s s u r e  gauge. Ashcrof t ,  0 t o  160 p s i ,  

2 .  Autoclave p r e s s u r e  gauge, Heise ,  0 t o  20.000 

4% accuracy  

p s i ,  I / I O %  a c c u r a c y  

I / I ~ %  accuracy  

6 , 0 0 0  p s i  

3 .  Sample  p r e s s u r e  gauge,  H e i s e ,  0 t o  20 ,000  p s i ,  

4 .  Hel ium se lec tor  va lves .  Autoclave PV-4071,  

5. Hplium shutoff va lves ,  Autoclave 30VM-4072, 

6 .  Autoclave vent valve,  Autoclave 30 VM-4071, 

7. Shutoff valve for  s a m p l e  p r e s s u r e  gauge,  

8 .  Gas  c o m p r e s s o r  speed-adjus t  va lve ,  needle  

30 ,000  ps i  

30 ,000  psi  

Autoclave 30VM-4071, 30 ,000  ps i  

type ,  300  psi 

9 .  Gas  c o m p r e s s o r ,  a i r  opera ted ,  H a s k e l  AC- 
152, 1 . 2  s c f m ,  20 ,000  psi  rnnx.output 

10. Air  p r e s s u r e  r e g u l a t o r ,  300 ps i  n iax .  in ,  
0 -125  ps i  out 

1 1 .  Autoclave,  1000 d t m ,  1700°C 

12.  

1 3 .  

Safety head a s s y ,  d i s c  type ,  18,000 p s l  burs t  

Sample  tube shutoff v-rlves. Autoclave 30VM- 
4071,  30 ,000  ps i  

Check va lve ,  0 - r l n g  typr .  30 ,000  PSI 14. 

15.  C o m p r e s s e d  shr i tof f  valve,  ga te  type,  
300 ps i  

16. Standard  hel ium supply bot t les ,  ini t ia l  p r e s -  
s u r e  -- 2500 psi  

17. Lucalox s a m p l r  tuhr 

18. 

19. Gauge p r o t e c t o r ,  30, 000 psi  

20. 

A i r  c o m p r e s s o r ,  100-125 Ibsl in ' ,  3. 100 s r f l T 1  

Adjus tab le  pis ton f o r  control l ing l c v r l  of 
s a m p l e  in  s a m p l e  tube 

Iligh p r e s s u r e  shut -of f  valve f o r  hydraulic- 
fluid fill line 

21. 

Note: Vxlvcs 7 and I 1  and g , i i i ~ r  3 . irv 
n i o d i f i d  f o r  ufic wit l i  r n r r < - r i r y  

F i g .  18- -Schematic of pressure control  and monitoring sys tem 
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Fig .  19--High p r e s s u r e  control panel.  I tems 
numbered a r e  identified in  F igu re  18 
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F i g .  20- -Thermocouple and conductivity band 
locations in  the autoclave.  Each  band i s  
a platinum s t r ip  - 1 . 5  cm wide; the d i s -  
tance between the i r  inner  edges is  2 . 0  cm 

46 

Sonductivity 
Measuring 
Bands 



3 . 2 . 2  In te r im apparatus  

Because of the delay in  placing the  h igh-pressure  autoclave sys t em 
in operation, an  in te r im experimental  a r rangement  was constructed t o  pe r -  
mit  the experimental  method to be proofed and t o  obtain pre l iminary  data  
on the conductivity of vapors of Hg, P, and an  alloy of Hg and Cs .  
shown in  F igu re  21, this apparatus consisted of a Lucalox sample tube in- 
stalled in  an unpressur ized  me ta l  container which served a s  a safety b a r r i -  
cade to  contain the sample m a t e r i a l  in c a s e  of a sample tube fa i lure .  The  
container had an O-ring p r e s s u r e  sea l  between the sample tube and high- 
p r e s s u r e  tubing which connects the sample tube to  the necessa ry  valves 
and the Heise  p r e s s u r e  gauge ( 3 ,  Figs .  18 and 19) on the control  panel. 
This  gauge and its shutoff valve (7)  a r e  the only i t ems  on the control  
panel that  were  used with the in te r im equipment. 
was not used with the in te r im equipment. 

As 

The adjustable piston (20) 

As shown in F igure  21, the apparatus incorporated 2 independently- 
H1 controls the su r face  t empera tu re  of the controlled hea te r s ,  Hi and H2. 

liquid/vapor in te r face  and thus the vapor p r e s s u r e .  
a t u r e  of the vapor without changing the p r e s s u r e .  

H2 controls  the t emper -  

As a l ready  descr ibed  for  the high p r e s s u r e  autoclave,  only two 
measur ing  bands were  used with the sample tube in the in t e r im  appara tus .  
The sample  liquid-vapor interface was a l s o  positioned a s  descr ibed  for  
the autoclave.  

F o r  reasons  of safety,  the inter im apparatus  was operated in the 
wood, sand and chain-mail  safety enclosure mentioned previously.  The 
containment v e s s e l  was not pressur ized  but was evacuated t o  reduce heat 
l o s ses .  

3 . 3  ExDe r iment  s with In te r im A m a r  atu s 

Before the autoclave was placed in  operation in October 1964, 
experiments  with vapors  of Hg, P, and Hg doped with 5 percent  Cs  were  
pe r fo rmed .  These  experiments  were l imited in t empera tu re  to  a maxi- 
mum of - 1 100°C ( the maximum capacity of the furnace) .  
sample  p r e s s u r e  w a s  uncompensated by any ex terna l  p r e s s u r e ,  the maxi-  
mum p r e s s u r e  attainable in these  experiments depended on the s t rength 
of the Lucalox tubes.  F o r  individual t e s t s ,  the Lucalox burst ing points 
ranged f r o m  - 3 0 0 0  ps i  (204 atm) to  - 4250 ps i  (290 a t m ) .  In sp i te  of 
t hese  l imitat ions,  experiments  with the in t e r im  apparatus  ver i f ied the 
val idi ty  of the experimental  method and provided some  worthwhile p re -  
l imina ry  data.  In addition to  the above t e s t s ,  the  re l iabi l i ty  of our  meas- 
ur ing  technique was fu r the r  verified by using the in te r im appara tus  t o  
m e a s u r e  the Q of solid AgBr. 

Since the 
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- .  

3 .  3 .  1 Measurements  with pure  Hg vapor - 
Two experiments  with Hg vapor were  conducted with the in te r im 

experimental  apparatus  a t  significant t empera tu res  and p r e s s u r e s .  
experiments  closely simulated those which w e r e  conducted in the high- 
p r e s s u r e  autoclave,  except that the Lucalox sample  tube containing the 
pressur ized  vapor had no compensating p r e s s u r e  on i t s  ex ter ior  wal ls .  

These  

The resu l t s  of the experiments may  be summar ized  a s  follows: 

a .  The Lucalox sample  tube ruptured a t  a p r e s s u r e  
of 4250 ps i  ( ~ 2 9 0  a tm)  and a t empera tu re  of * :  1140OC. 

The  conductivity measuring technique showed no 
e r r a t i c  behavior and performed a s  expected. 

The O-r ing sea l  remained within i t s  t empera tu re  
limitation without water  cooling and withstood the 
p r e s s u r c  of 4250 psi without leakage. 

Elec t r ica l  conductivity of m e r c u r y  vapor  could not 
be detected at t empcra tures  up t o  1 140°C and at 
p r e s s u r e s  up t o  290 a tm.  

b .  

c .  

d .  

Thv f i r s t  experiment with 114 vapor was te rmina ted ,  a t  a vapor 
temperat i i re  of 
thc data before  pushing the tempera ture  and p r e s s u r e  t o  the point of sample  
tuhc failure.. 

lO0OoC and a p re s su rc  of 1765 psi  (120 a t m ) ,  t o  evaluate 

In the second experiment with Hg,  Q s ,  t h e  Q of the sample  tube 

The  vapor p r e s s u r e  
with the vapor  p re sen t ,  was recorded a s  the t empera tu re  w a s  increased  
to  about 114O0C, a t  which point the tube ruptured.  
was 4250 psi  (, 290 a t m ) .  
F igu re  22 in  which Qs is compared with Qo ( the  Q of the empty tube) ds a 
function of t empera tu re .  The  apparent res i s tance  of the vapor  i s  der ived 
f r o m  

Data from t h i s  experiment  a r e  plotted in  

Q Q  o s  
R =  

z u C ( Q - Q )  
0 0  S 

(45) 

a s  descr ibed  in  Appendix 111. 
the added capacitance required to  tune the "Q" m e t e r .  
u r e ,  no significant difference between 0, and C,  i s  observed.  
sensit ivity es t imates  of the measuring sys t em,  the  slight difference a t  

Here,  w i s  the angular  f requency and Co i s  
A s  seen in  the  fig- 

F r o m  

4 1140°C indicates a res i s tance  for  the vapor  of 1 2 . 4  A 10 ohm, i . e . ,  a 
conductivity . 6 ,x' 10- 2 o h m - l / m .  More than likely the difference in  Qo 
and 0, was due t o  the gradual  dr i f t  of e i ther  the sensit ivity control  or the 
z e r o  control  of the "Q1' m e t e r .  Later  data  f r o m  autoclave measu remen t s  
ver i f ied t h i s .  
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3 . 3 . 2  Measurements  with phosphorus 

T h r e e  experiments  were  conducted on phosphorus vapor using the 
in te r im equipment. Phosphorus was chosen because it has  a solid phase  
which is conducting, indicating that fo r  some configurations of P a toms ,  
e lectron t r a n s f e r  w i l l  take place.  The c r i t i ca l  point'for phosphorus is 
about 69OoC and 83 a t m ,  so that the fluid can be forced  above the c r i t i c a l  
point with relat ive ease .  

Because of the co r ros ive  and poisonous na ture  of phosphorus,  the 
p r e s s u r e  measu r ing  appara tus  was not used .  Instead,  a measured  amount 
of P was disti l led int.0 a thick-walled quar tz  tube which was then sealed 
of f .  
s ta te .  

The  p r e s s u r e  and densi ty  were found f r o m  the published equation of 
2 7  

In the f i r s t  experiment ,  white phosphorus was placed in a quar tz  
tube (-15 cm long) having a 2 m m  i .d .  and a n  8 m m  0 . d .  ( 3  m m  wall  
th ickness) .  About 1/3 of the tube volume was filled with the sample .  
tube was then evacuated before it was sealed off. 
failed at - 6 O O O C  (43 a tmospheres)  and no useful  data were  taken.  

The  
Unfortunately, t he  tube 

The  second and th i rd  experiments  w e r e  conducted in heavier-  
walled quar tz  tubing (4 mm wall  thickness) having the s a m e  in te rna l  
volume as the f i r s t  tube ( 2  m m  i . d . ) .  Red phosphorus was used f o r  
t h e s e  experiments  ( instead of white P) because it is much e a s i e r  and 
s a f e r  t o  handle. As  the  l i t e r a tu re  on phosphorus indicates ,  the liquid 
existing above the melt ing point of red  P(59OoC at 43 a tm)  is identical  
r e g a r d l e s s  of which fo rm one s t a r t s  with. 
is heated in  its own vapor ,  it converts t o  red  P a t  t empera tu re  above 

In pa r t i cu la r ,  when white P 

2oooc.  

Each  of the exper iments  s tar ted with a f r e s h  sample  tube and 
d i f fe red  only in the amount of sample in  the  tube.  
t he  tube  contained 0 .  13 g of red  P which resul ted in a vapor densi ty  of 
0 . 2  g cm-3  a t  the c r i t i c a l  point (69OoC a t  83 a tm) .  
contained 0.3 g of r ed  P to  give a density of 0 . 5  g cm-3  a t  the c r i t i ca l  
point. 
then measu remen t s  w e r e  made  with the sample  in  the tube.  
23 and 24, t hese  m e a s u r e d  values of Q a r e  plotted a s  a function of 
t e m p e r a t u r e .  
plot and that of the tube-with-sample plot i s  l a rge  enough t o  be significant.  

In the f i r s t  exper iment ,  

The  second tube 

In each c a s e ,  the Q of the empty tube was measu red  first and 
In F igu res  

In each f igure , the  divergence between the empty tube 

We did not believe tha t  these l o s s e s  were  real ly  due to  the  P 
vapor ,  however ,  because the conductivity pe r s i s t ed  as the t empera tu re  
was lowered.  It w a s  t h e r e f o r e  suspected that the qua r t z  (SiOz) had been 
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. -  

a l te red  in the p re sence  of the dense P t o  fo rm a conducting layer  of some  
pyrophosphate on the inner  walls of the tube. 

- 

T o  examine the las t  possibility, the second tube ( f rom F i g .  24) 
was re'opened, the sample  m a t e r i a l  was removed,  and measu remen t s  were  
made  with the tube opened i n  the a i r .  
u red  Q dropped off in exactly the s a m e  manner  as shown in F igu re  2 4 .  
It is  therefore  evident that  the measu red  conductivity wa.s not due to  the 
vapor.  
solution of s o m e  ra ther  difficult experimcntal  p roblems.  

As shown in  F igu re  25, the m e a s -  

Conclusive evidence on the conductivity of P must  await  the 

If the phosporous vapor were  actually conducting, the conductivity 
must  have been small. enough that i t  did not show above the background 
given by Figure 25 .  
l e s s  than about 7 x 

One can es t imate  that  the conductivity must  have been 
o h m - l / m .  

3 . 3 . 3  Measurements  on solid AgRr 

As  a f i n a l  check of the reliabil i ty of our  measur ing  technique be- 
fo re  placing the high p r e s s u r e  autoclave into operation, we used the in- 
t e r i m  experimental  apparatus  to  m e a s u r e  the Q of solid AgBr. 
ma te r i a l  was f i r s t  mel ted (M. P. = 433OC) and poured into the Lucalox 
sample tube and allowed to  cool to  room t empera tu re .  
the variation of the Q of the sample  (Q,) with t empera tu re .  
i s  the apparent r e s i s t ance  of the sample  (R 
Appendix 111. F igu re  2 7  i l lus t ra tes  the conductivity of the sample  plotted 
a s  a function of t empera tu re .  
versus- tempera ture  curve of Teltow, (28)  who employed bridge measur ing  
techniques.  Note the close agreement  of the s lopes of the two curves  in 
F igure  27. The actual  data points of the two curves  s e e m  to  d i f f e r  by a 
common factor,  probably due to  the uncompensated end effects assoc ia ted  
with the spacing of the electrodes used in  our  measu remen t s .  Our data  
a r e  therefore  in  good agreement  with the data of Teltow. 
noted that f o r  our computations, we a s sumed  a constant value of 169 f o r  
the Q of the empty tube (Qo). 

This  

F igu re  26 shows 
Also shown 

) computed a s  descr ibed  in 

Also shown in F igu re  2 7  i s  the conductivity- 

It should be 

3 . 3 . 4  Measurements  with He:Cs 

In planning for  making measurt:ments on Hg doped with CS in the 
h igh-pressure  autoclave, i t  became evident that  the sample  filling sys tem 
shown in  Figure 18 would requi re  modification due to  the spec ia l  cha rac -  
t e r i s t i c s  of C s .  Accordingly, the modified filling sys t em shown in Fig-  
u r e  28 wa +, ( onst L ' U C  t c d  .Lnd conncrtc>cl t o  thc inter i tn  appnrat(ls  f o r  t e s t -  
inK. 
s t c . c > l  tubing by <z lcngt l i  of rubber  tiibiiig. 
C s  ( 5  atomic pclrcciit of t h c  amount of IIg)  was placcd in '1 Pyrc,K cel l  and 
t h e  following filling procedure  was followed: 

As s h o w n  in the, f igure,  the system i s  connected to the  s t l t inlcss  
The required anlotint of liquid 
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0 Teltow 

A First Run 

0 Second Run 

F i g .  27--Conductivity a, of AgBr as a function of t empera tu re  com- 
pared  with that of Teltow. 
C3 of 10. 7 p F .  as = 14/Rs ohm-'ern-' 

Based on RZ of F igu re  26 with a 
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T O  V A C U U M  S Y S T E M  
AND Hc. I N L F T  \ S O F T  COPPER T U B E  

I NG 
I S  

H I GH 
F I L L  

F i g u r e  28---Modified sample  filling s y s t e m  for u s e  wi th  Hg:Cs 
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a .  

b. 

C. 

d .  

P r i o r  t o  breaking the C s  vial, the sys t em i s  evacuated and 
purged s e v e r a l  t imes  with He. 

The C s  vial  is then broken by pinching the copper tube. After 
the C s  h a s  run down into the V-shaped P y r e x  tube,  the copper 
tube i s  removed by burning off the P y r e x  tube a t  the constr ic-  
t ion.  

The tube is then tipped repeatedly,  allowing only a s m a l l  amount 
of C s  t o  mix  with the Hg each t i m e .  

After the mixing i s  complete, the cel l  i s  rotated 90 deg s o  that 
the long dimension of the ce l l  i s  horizontal .  
i s  then forced up into the sample tube to  the des i red  height by 
admitt ing He gas  via the stopcock. When the des i red  level  i s  
achieved, the h igh-pressure  fill valve i s  closed. 

The Hg:Cs sample  

While the main  purpose of this t e s t  was to check the modified 
sample  filling appara tus  for  use with Hg:Cs ,  the Q of the sys t em was r e -  
corded up to 105OoC and 3000 ps i ,  the maximum p r e s s u r e  attained. 
this  point, the  sample  tube ruptured causing sufficient damage to  the in- 
t e r i m  equipment to  cause i t s  re t i rement .  
encountered; however,  none had been expected at  that p r e s s u r e .  

At 

No  appreciable  conductivity was 

In the preceding experiment  the concentration of liquid C s  in  liquid 
Hg a t  room t empera tu re  was about 5 atomic percent  a s  determined by the 
phase  d i ag ram shown in  F igure  9 .  ( l 9 )  It is evident f r o m  the shape of the 
liquidus cu rve  that the amount of Cs  which i s  soluble in Hg is l imited i f  
the melting point of the alloy i s  to  be i 5OoC. Since we a r e  r e s t r i c t ed  to 
the  u s e  of liquid in  the t r a n s f e r  system, i t  i s  obvious that the sys t em must  
be heated up to  15OoC o r  m o r e  to permi t  a concentration of 10 atomic pe r -  
cent of C s  in Hg. 

3 . 4  Experiments  with the Autoclave 

After  a r r i v a l ,  installation, and checkout during September ,  1964, 
the autoclave and assoc ia ted  sys tems were  ready fo r  init ial  t e s t s  i n  Octo- 
b e r .  
each experimental  run takes  f rom 24 to 3 0  hours to  complete,  experiments  
with the autoclave w e r e  l imited to pure Hg and Hg doped with C S .  

Because of the lack of t ime remaining in the p rogram and because 

The  long t ime period required fo r  each exper imenta l  run i s  a resu l t  
of the cha rac t e r i s t i c s  of the furnace hea te r  e l emen t s .  These e lements  coil- 
s i s t  of a n  alloy of Mo and Re which is noted for  i ts  low res i s tance  at lowtcm-  
p e r a t u r e s  and relat ively high res i s tance  at  elevated t e m p e r a t u r e s .  F o r  this  
r eason  it was necessa ry  t o  increase  the t empera tu re  slowly in o r d e r  t o  rc -  
duce the  t e m p e r a t u r e  grad ien ts .  It takes about 12 hours  t o  reach 6 0 O O C .  
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The experiments  were  performed with u/2r = 14 Mc and 450 pF. 
The geometry of the bands gave a coupling capacity of 12 p F  and the Sam- 
ple conductivity is expressed  a s  (I = 14/Rs in ohm-l  c m - l .  

S 

3 . 4 .  1 Experiments with pure H e  

A total of 7 experimental  runs were  made with pure Hg vapor .  In 
the ea r l i e r  experiments ,  the maximum tempera tures  and p r e s s u r e s  were  
limited by heat losses  and p r e s s u r e  leaks.  
duced, the upper l imits i n  succeeding experiments  were gradually increased 
until 165OoC and 10,800 ps i  (-735 a tm) were  reached (but not simultanemisly) 
in the last  run. In this section, sonip of the experimental  problems,  to- 
gether with their  solution, a r e  discussed.  However, only the las t  run is 
discussed in  detail .  

.4s these problems were r e -  

Initial experiments with Hg and modifications to  apparatus  - The 
principal factor limiting sample p r e s s u r e  and tempera ture  was that of 
poor heat t ransport  between the furnace and the sample tube. 
t he rma l  output of the furnace was lost to  the water-cooled walls of the auto- 
clave and was not available to  heat the sample .  This  heat loss  was reduced 
but not eliminated by: 

Much of the 

a .  Using helium instead of argon a s  the pressur iza t ion  gas 
surrounding the sample tube. 
matic viscosity (-., 10 t imes  that of a rgon) ,  convective 
losses  with helium a r e  much lower than with argon.  
change alone permit ted the p r e s s u r e  of Hg vapor to  be 
increased to  -5500 psi  (compared to  a maximum of 
3000 ps i  with argon) ,  

Inserting boron ni t r ide (BN)  plugs in the well of the 
furnace above the sample tube,  and by 

Because of i t s  l a rge  kine- 

This 

b. 

c .  Placing additional packing around the sample tube,  but 
not around the conductivity measuring bands.  

An additional modification made before the las t  experimental  run 
with Hg,  was the installation of a piston ( a  modified gauge protector)  in 
the sample tube supply line ( s e e  F ig .  18). The piston could be moved by 
a simple screw attachment,  thereby changing the volume within the supply 
l ine,  thus changing the height of the liquid/vapor in te r face  in the sample 
tube.  
quired by raising the interface into a higher t empera tu re  zone. A s  p r e -  
viously described in Section 3 . 2 .  1 ,  the height of the interface 1s measured  
by means  of a height sensing s t r ip  whose capacitance i s  measured  with a 
"Q" m e t e r .  

This  a lso permit ted us  t o  r a i s e  the p r e s s u r e  of the vapor when r e -  
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- In the las t  experiment  with Hg, t empera -  
t u r e  readings f r o m  thermocouples ( T . C . )  2 ,  3 ,  4 ,  5 ( s e e  F ig .  20) w e r e  
plotted a s  a function of t ime a s  shown in  F igu re  29. 
ment is a ra ther  a r b i t r a r y  var iable  but it i s  a convenient pa rame te r  f o r  
labeling events .  Simultaneous readings were  made of sample p r e s s u r e  
and Q a s  shown in  F igu re  30. The autoclave p r e s s u r e  (He) i s  maintained 
at a nominal 300-400 ps i  above sample tube p r e s s u r e .  The heat  l o s s  due 
to  convection is evident i n  the behavior of the curve  f o r  T. C. 4 ( s e e  
F ig .  29)  which i s  seen t o  fall away f rom the curves  for  the other thermo-  
couples a f t e r  about t h r e e  hour s .  
The curves  fo r  T . C .  3 and 5 s t a r t  to d e c r e a s e  a f t e r  eight hours .  

T ime for  th i s  experi-  

It then levels  off and s t a r t s  t o  d e c r e a s e .  

At th i s  point, it became interesting t o  see  how high a t empera tu re  
The sample liquid/vapor interface was therefore  low- could be reached. 

e r ed  f r o m  the hot pa r t  of the furnace to  reduce sample p r e s s u r e .  
clave p r e s s u r e  (He) was bled off simultaneously, c a r e  being taken to  main- 
ta in  the required differential  over  sample p r e s s u r e .  This was done f r o m  
eight t o  eleven hours  a s  shown in F igure  30. As the heat loss  due t o  con- 
vection w a s  reduced, T .  C. 5 approached the maximum rated furnace tem- 
pe ra tu re  ( s e e  Fig.  29) .  
low, however. 

The auto-  

The curve for T .  C. 4 remained disappointingly 

After eleven hour s ,  it was decided t o  see  how high a vapor p r e s s u r e  
could be reached.  The He pressur ing  gas was pumped in  at the maximum 
ra t e  obtainable and the  level  of the Hg liquid/vapor interface w a s  elevated 
into the furnace hot zone a s  rapidly a s  possible  without creat ing an  over-  
p r e s s u r e  in the sample tube. 
operat ion.)  The  resul t ing f a s t  r i s e  in  p r e s s u r e  is shown in F igu re  30. Un- 
fortunately,  a f t e r  a slight t ime lag, the higher He p r e s s u r e  (permit t ing 
m o r e  convection losses)  caused a sharp  drop  i n  t empera tu re  ( s e e  F ig .  29) .  

(This p h s e  was r e f e r r e d  t o  a s  the "bootstrap" 

At about 11.8 hours  , the  Hg interface had reached the hottest  zone 
in the  furnace;  f r o m  then on, the tempera ture  of the interface dropped, so  
the  vapor  p r e s s u r e  a l s o  dropped. 

The Q of the sample tube actually r o s e  by a la rge  amount a f t e r  
eleven hours .  Actually, it i s  shown in Appendix I11 that a slight i n c r e a s e  in 
Q i s  possible  when the sample fluid becomes conducting. However, i n  th i s  
c a s e ,  the Q at identical  t empera tures  co r re l a t e s  with the d r y  run ,  which 
was taken at  a few a tmospheres  of He p r e s s u r e .  
where  the measu red  Q i s  plotted against t empera tu re  ( f rom T .  C.  2 ) ,  both 
with and without Hg in  the sample tube.  The f inal  points extending the wet 
run  and designated by (x) were  taken by extending the run with the  boos te r  
piston. 
s tead  of T . C .  2 .  Except for  a constant offset and sca t t e r ,  the  two cu rves  
a r e  pa ra l l e l  and seem t o  provide no indication of any appreciable  conduc- 
t ivity of the vapor .  

This  i s  shown in F igu re31  

In th i s  ca se ,  thermocouple readings were  taken with T .  C. 5 in- 
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Fina l  modifications - To this point, experimental  p r o g r e s s  con- 
tinued to  be l imited by convective heat l o s ses  f r o m  the autoclave furnace 
despi te  var ious at tempts  a t  providing be t te r  packing around the  sample 
tube.  These  lo s ses  l imited the p re s su re  attainable in experiments  with 
Hg vapor  to a maximum of 10,800 psi (-735 a tm) .  After the last run ,  de-  
sc r ibed  above, it was finally concluded that the furnace  i tself  mus t  have 
been packed improperly by the vendor (Marsha l l  Fu rnace  P roduc t s ) .  The 
furnace  was dismantled,  and inspection revealed l a rge  voids in the bubble 
a lumina used  by the vendor.  After  repacking with reagent-grade alumina 
oxide,  a d r y  run was made in which the p r e s s u r e  reached 13,000 psi  
( 1 4 O O O C )  with no sign of tempera ture  stagnation in  the lower regions of the 
furnace a s  observed in previous runs.  

The above t e s t  run was limited t o  13,000 p s i  by a leak in  the p r e s -  
s u r e  gland. 
shops and reworking both the sea t  and the  sur face  of the Conax head. 

This leak was eliminated by sending the head cover  t o  the 

3 ~ 4 . 2  Experiments  with Hg doped with C s  

After  the experiments  descr ibed above, it was decided t o  discontinue 
work with pure Hg and t o  devote t h e  remaining ef for t  t o  measu remen t s  on 
Hg doped with a sma l l  amount of C s .  
that th i s  sys tem should show a la rger  conductivity than  pure  Hg and it was 
deemed vi ta l  to  s ee  if th is  w e r e  indeed t r u e .  

The  theore t ica l  estimates indicate 

Remaining problems of heat  losses  and p r e s s u r e  leaks were  r e -  
&aced iliat the furiiace-a-utoc~av-e s y - s ~ e r i i  'ue ~~ i" i t s  de- 
sign limit. During this  t i m e ,  however, the background e l ec t r i ca l  l o s ses  
w e r e  observed to  inc rease  above those shown, f o r  example,  in  F igu re  3 1. 
T o  a s c e r t a i n  the origin of th i s  l o s s ,  the powdered alumina used  a s  a pack- 
ing m a t e r i a l  w a s  placed in a crucible.  The crucible  was  placed i n  a f u r -  
nace and the lo s ses  were  measu red  w i t h  m e t a l  t a b s  whose geometry factor  
was roughly the same  a s  the bands on the  sample tube.  These  lo s ses  were  
found t o  be ident ical  with the recently observed background l o s s e s .  The 
background los ses  pe r s i s t ed ,  however, even when c a r e  was taken to  en- 
s u r e  tha t  capacity coupling into the powdered alumina was sma l l .  
sample  tube was then removed and inser ted into a n  ex terna l  furnace .  
act ly  the  same  los ses  were  observed in  this experiment  as  for  the pow- 
d e r e d  alumina and the  background in the autoclave.  
t o  r e s i s t ance  values ,  a r e  shownin  Figure 3 2 .  
contaminant had deposited itself on both the powdered alumina and the 
Lucalox tube,  giving r i s e  t o  a surface r e s i s t ance  that  i s  the  same  f o r  the 
two m a t e r i a l s  and that  i s  a l s o  l e s s  than that of a clean su r face .  Whether 
o r  not t h i s  is the c a s e ,  efforts to reduce the background los ses  by heating 
the sample  tube and powdered alumina in  an  oxygen a tmosphere  were  not 
successfu l .  The run was made with the inc reased  l o s s e s .  

The 
Ex- 

The l o s s e s ,  converted 
It s e e m s  possible  that some  
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During this  f ina l  experiment,  an inc rease  in the measu red  Q w a s  
noted, s ta r t ing  a t  - 1 100°C and continuing up to  - 14OO0C. 
F igure  33,  the d i f fe rences  in Q (between the  wet run and a (Idry" run) a r e  
barely la rge  enough t o  be s i g n i f i c h t .  
in  F igu re  33 , the tempera ture  was held constant and the p r e s s u r e  w a s  in-  
c r eased .  This  increased  the Q at  the lower t empera tu re  but not a t  the 
higher.  Thus it is not real ly  c l ea r  whether the difference is due to  the 
sample vapor o r  to  some other experimental  var iable  that was inadver- 
tently different between the wet and the d r y  runs .  
d ry  runs  were  made  at  only a few a tmospheres ,  then the change in Q may 
be due t o  a relaxation effect in the sample tube i t se l f .  However, such a n  
effect h a s  not been studied i n  Lucalox. Also the t empera tu re  prof i le  may 
not have been exactly the same  during the wet run as for  the d ry  run .  

As  shown in  

At two points,  marked  by c r o s s e s  

F o r  example,  since the 

The re  is a l so  evidence that there  w a s  some helium leakage into the 
tube as  the tempera ture  was increased.  
p r e s s u r e  ve r sus  t empera tu re  data to be presented in  Section 3 . 4 . 3 .  The 
amount of helium is apparently not large but may be sufficient t o  provide 
ex t ra  sca t te r ing  mechanisms that  would dec rease  the conductivity. 
the t empera tu re  w a s  decreased ,  we know a malfunction occurred  that 
admit ted a significant amount of helium into the sample tube.  
c r e a s e  in Q w a s  not present  during this pa r t  of the run. 

This  evidence shows up in  the 

As 

The in- 

We now at tempt  t o  see  whether the observed behavior is consistent 
with the type of conductivity outlined in Section 2 . 2 . 4  ( in  par t icu lar  in 
F ig .  10).  It should be stated that the above terminology was carefully 
chosen; in our opinion the calculation w i l l  not prove that the vapor was con- 
ducting but w i l l  only show that it is possible that it was.  
that the conductivity i s  not der ived from the data ,  but r a t h e r ,  values of Q 
a r e  calculated assuming that t he re  exists a conductivity which is given 
function of p r e s s u r e .  Various other ad hoc assumptions have been made ,  
a s  w i l l  be seen.  

The reason  is  

-- 

The analysis  presented in Appendix I11 indicates that  Q will be 
l a r g e r  during a wet run  only i f  t he re  i s  some  loss  which is coupled into 
the Q m e t e r  by the same  capacitance that  i s  coupled to  the sample.  
model  s eems  somewhat ar t i f ic ia l ;  however, the Lucalox sample tube does 
have some los ses  and may be coupled into the bands capacitatively if the  
bands do  not make good ohmic contact ( s e e  sketch on page 120 of Appen- 
dix 111). 
R4,  the  loss  f r o m  the inner  t o  the outer wall  which one would m e a s u r e  i f  
R w e r e  zero ;  and R3,  the loss  which can be associated with the high t e m -  
p e r a t u r e  change in conductance of the sample  tube.  

This  

In th i s  ca se ,  the sample tube res i s tance  is broken into two p a r t s :  

A s  an ad hoc assumption to  simplify the analysis  , we have, however, 
a s s u m e d  R4 could be omitted f r o m  the c i rcu i t  and thus used Eq. (88), with 
the left-hand side replaced by Eq. (93).  

-- 
The experimental  values of AQ 
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and 6 a r e  shown in  F igu re  34 as a function of p r e s s u r e .  
combined into the f o r m  AQ/a2 ; it is then our  a i m  t o  f i t  this expression a s  
well a s  possible .  

These may be 

The f i t  i s  done in  this fashion: At the p r e s s u r e  of 435 a t m  the  mea-  
surements  a r e  still consistent with AQ = 0.  
tained, according to  Eq. (88), i f  R satisfies 

This  value of AQ w i l l  be ob- 

at  the given tempera ture  and p res su re .  
a s sumed  t o  be var iable  in  magnitude but t o  have a t empera tu re  dependence 
a s  given by typical background losses shown i n  F igu re  32. The magnitude 
of R3 was var ied  until  the calculated values of AQ/a2 agreed ,  in  overa l l  
fo rm,  with the  observed values.  Throughout this  procedure ,  R w a s  com- 
pletely fixed by assuming a magnitude at 435 a tm given by Eq. (46) ,  and a 
p r e s s u r e  dependence consistent with the conductivity shown in  F igu re  10. 

The res i s tance  R3 was then 

The resu l t s  of the f i t ,  and the values  of the pa rame te r s  used,  a r e  
shown in  Table  V.  
experimental  values and the calculated values a r e  that  the calculated values 
predict  a sma l l  positive peak at low p r e s s u r e  and that they approach z e r o  
relatively slowly. 
using the nominal value of 14 cm'l  for  the geometr ica l  constant: 
a = 1. 1 X 
2 0  t imes  l a r g e r  than predicted in Figure 10. 

It can be seen that the main  differences between the 

The value of R that i s  l is ted can be converted t o  a by 

ohm- lc rn - '  ( o r  1 . 1  0 h m - l m - l )  a t  435 a t m .  This  is about 

T h e r e  is one observation that s e e m s  to  indicate that the higher Q 
w a s  associated with the vapor and was not jus t  an  ar t i fact  of the tempera-  
t u r e  prof i le .  When the tempera ture  was held constant a t  135OoC, thereby 
holding the background losses  constant, the Q did r i s e  a s  the p r e s s u r e  
was increased  ( s e e  Table V ) .  
ground los ses  ( the empty Lucalox tube) a r e  p r e s s u r e  dependent. This 
r i s e  w a s  s m a l l  and somewhat i r r egu la r ,  but does s e e m  to  be significant.  

This observation is not pertinent if  the back- 

3 . 4 . 3  Vapor p r e s s u r e  measurements  

While no la rge  effort was devoted to  measuring the vapor p r e s s u r e  
of the samples  under investigation, the t empera tu re  and p r e s s u r e  were  
taken during the e l ec t r i ca l  measurements .  These values ,  along with the 
theore t ica l  calculation f rom Section 2 .  1, a r e  shown in F igure  35. 

A t empera tu re  gradient did exist along the sample tube so in  o rde r  
t o  know the t empera tu re  of the liquid/vapor in te r face ,  its position must  
a l so  be known. The interface position was monitored electr ical ly ,  with a 
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Table V 

VARIATION OF Q FOR 9570 Hg:570 CS"' 
.l. 

1070 

1116 

1178 

1220 

1248 

1260 

1300 

1325 

1 3 5 0  

i i 5 o  

13 75 

1400 

1450 

P 
(a tm)  

- 
3 68 

43 5 

5 04 

53 0 

544 

5 72 

5 99 

62 6 

666 

6 94 

74 8 

- 

P k p c  r i n i c n t a l  

0 . 0  

0 . 0  

- 0 . 9  

- 2 .  3 

- 4 .  H 

-.!. 2 

- L e ' >  

- 2 .  

- 3 .8  

- '4. g 

- 2 . 0  

0 . 0 

0.0  

Ca 1 c u  lat ed 

+ O .  6 

t 1 . 2  

0 

- 2 . 9  

- 4 . 1  

- 4 . 2  

- 4 . 0  

- 3 . 9  

- 3 . 7  

- 4 . 2  

- 3 . 4  

- 3 . 1  

- 1 . 1  

J, -6- 

P a r a m e t e r s  used in calculations:  C s  = 0.12 p F ,  0 / 2 r  = 14 Mc,  
R3 (at 1178OC) = 750 p'z, R (at 435 atm) = 1.25 kh, C3/C0 = 2 . 4  x 10- 2 
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sensit ivity that fe l l  off a s  the tempera ture  increased .  
the head may be below the region of T .  C .  5 ,  which would explain the devia- 
t ion during the Hg-Cs run. Raoult' s law, Eq. (41) of Section 11, l3 would 
predict  a 5 percent  deviation, f a r  less  than the deviation observed.  
s ca t t e r  a t  low p r e s s u r e s  i s  understandable because the accuracy  of the 
high p r e s s u r e  gauges is  perhaps two  a tmospheres .  

F o r  th i s  reason ,  

Some 

The fact  that  the  observed p res su re  is too high a t  the lower p r e s -  
s u r e s  during the  Cs-Hg run is a l so  attr ibuted t o  the  fact  that  a s m a l l  
amount of He was observed t o  diffuse into the sample chamber  at low tem- 
pe ra tu res  (perhaps through the 0- ring sea l ) .  
s m a l l  enough t o  cause the pa r t i a l  p r e s s u r e  of He t o  be l e s s  than a few 
t ens  of a tmospheres ,  however,  since the Cs-Hg run  r e c r o s s e s  the  theo- 
r e t i ca l  curve  a t  around 200 a tmospheres .  
may lower the conductivity is not known. 

The r a t e  was apparent ly  

How much these  foreign a toms 

In conclusion, the van d e r  Waal' s law seems  t o  predict  the vapor 
p r e s s u r e  of Hg to  the accuracy  at which measurements  were  made .  
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V .  

RECOMMENDATIONS 

On the bas is  of t h i s  work, one can not recommend any engineering 
evaluation of devices based on conductivity of dense  vapors .  
other  hand, in view of the utility of such devices ,  one can recommend 
fur ther  study of the dense  vapors .  

On the  

It i s  c ruc ia l  t o  continue u o r k  on C s - H g  al loys,  with somewhat 
improved technique to  be mentioned below, in  o r d e r  t o  s e e  i f  a conductivity 
does exis t .  Phosphorus ,  in view of its modest  c r i t i ca l  t empera tu re  and 
p r e s s u r e ,  would greatly simplify future device engineering and,  for  this  
reason  alone. war ren t s  fur ther  study. 

P u r e  Fig holds great  scientific i n t e re s t ,  however,  i t  may not be 
\ \ o r th  a grcat dea l  of attention f rom a. s t r ic t ly  technological point of view. 

I f  these  sys t ems  a r c  studic,d, it i s  recommended that the res i s tance  
of the sample  tube be incrcascd by dccreasing the wall thickness ,  thereby  
increasiii,y the e lec t r ica l  scnsi t i l - i ty .  
the tube 0 .  d .  t o  reduce 1ossc.s cnpncitivcly coupled f rom the heated 
furnace walls.  
w e r e  thought t o  be necessa ry  to  provide mechanical  s t rength,  however,  
the technique of maintaining a sma l l  p r e s s u r e  differential  between the 
sample  tube and autoclave appcars  t o  be s o  successful  that th i s  s t rength 
i s  not needed. 

It will also be helpful t o  d e c r e a s t  

The  gcncrous s n m p l c  tubcx dimensions used in th i s  work 

F o r  phosphorous,  a sample tube other  than quartz  (chosen h e r e  
par t ly  because i t  can lie relatilzely easily w o r k e d  with a consequent saving 
in t ime)  m u s t  be used. A l s o  e i ther  
a l l  of the sample  m u s t  be kept a b o v e  the melting point (S90°C) o r  e l se  a 
different technique for p r e s s u r e  t ransmission m u s t  be used. 

Lucalox again appea r s  to be useful. 

77 



I V  . 
CONCLUSIONS 

Various experimental  problems prevented a thorough investigation 
of the vapors  of all of the mater ia l s  which offer hope of being conductive 
a t  reasonable p r e s s u r e s  o r  suggested a s  good possibil i t ies.  
conclusions which can be drawn concerning those ma te r i a l s  (P, Hg, and 
Hg doped with Cs) on which experiments were  performed a r e  summar ized  
below. 

However, 

Phosphorus - A chemical reaction apparently occurred  between 
the phosphorus and the quartz sample tube, giving r i s e  t o  a ma te r i a l  
with a conductivity la r  e enou h to  mask any conductivity of the phos- 
phorus vapor < 7 X lo-' ohm-'/m. Thus, although the experiments were  
by no means  conclusive, the conductivity of the phosphorus vapor appeared 
to  be very  sma l l  below 85 a tm.  

P u r e  Hg - Theoretical  estimates showed that pure Hg may be 
disappointing a s  a conductor because the two valence electrons in the 
atomic s level may form a filled, non-overlapping band and thus exhibit 
the sma l l  conductivity character is t ic  of an insulator .  
p r e s s u r e  achieved during an experiment with Hg was - 735 a t m ,  significantly 
below the design limit of the autoclave because var ious malfunctions were  
not yet cor rec ted  during this run. 
indicating a conductivity ohrn-'/m. 

The highest 

No evidence of conductivity was seen ,  

Hg doped with Cs - A 9570 Hg:  570 C s  alloy was measured up t o  
-1460OC and 14, 180 psi  (-965 a tm) .  The e lec t r ica l  sensitivity during 
this run was not good, but a sma l l  deviation f rom previous "dry" runs 
was noted. These deviations a r e  barely significant and, fur thermore ,  
a r e  anomalous i n  that they indicate a l a r g e r  Q with the vapor present .  
One can a s sume  a model for  the background losses  such that the observed 
behavior is  consistent with a vapor conductivity of an  amount about 10 
t imes  the theoret ical  es t imate ,  which was '. 0 . 2  ohm-' a t  the p r e s s u r e  
range where the anomaly was largest .  
- hoc assumption that i s  not based on independent evidence. Helium in an  
unknown amount, but presumably less than around 30  a tmospheres ,  was 
present  in the sample  tube during this run.  
the conductivity to  some unknown extent. 
t he re  i s  no conclusive evidence for  conductivity. 

This  model appears  to  be an - ad 

This  would presumably lower 
Thus,  for th i s  sample,  
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SUMMARY 

T o  disc-uss the electronic  properties of dense  vapors  a t  modera te  
t e m p e r a t u r e s ,  t he  sys t ems  should 
gories:  

envisaged as  fall ing into two cate- 

a. Single species  or  "pure" sys tems which a r e  e i ther  
insulating o r  metall ic , depending on density (pure  
c rys t a l s  in solid state terminology) , 
Mixed sys t ems  which may take two limiting fo rms ,  i. e . ,  
doped insulating vapors  (semi-conductors)  o r  alloys.  

b .  

The nature  of ma t t e r  a t  densities between 1 and 10 percent  of 
that  of no rma l  solid o r  liquid meta ls  is  a m o s t  important  problem. 
the basic  side, i t  is  of the essence  of a "many-body" sys t em where e lec-  
t ron cor re la t ions  play an essent ia l  role in determining both the 
equilibrium and t ranspor t  p roper t ies .  
re t ica l  attention is cur ren t ly  being devoted to th i s  subject. 

On 

A n  increasing amount of theo- 

Technologically, the possibility of achieving essentially metal l ic  
conductivity a t  fractional densit ies of solids o r  liquids i s  of g rea t  po- 
tential importance both in  MHD and thermoelectr ic  sys tems,  provided it 
is possible  to attain the conditions a t  t empera tures  of l o 3  to 1040K. 

F r o m  cur ren t  considerations,  we conclude in the preser. t  
d iscussion that the e lec t r ica l  propert ies  of "pure" sys tems,  such as 
alkali  metal vapors ,  will likely be those of insulators  
becomes  so high that a discontinuous f i r s t  o r d e r  phase transit ion to a 
condensed metal l ic  state of essentially no rma l  solid density takes place.  
Exper iments  should provide for  the detection of phase separation. 

until the density 

Severa l  existing theoret ical  calculations of the electronic  
conductivity of single spec ies  sys tems a r e  believed to be qualitatively 
and quantitatively unrel iable  in the range of potential i n t e re s t  ( 1  to 10 p e r -  
cent of solid density) because they do not incorporate  e lectron cor re la t ions  
proper ly  at low density. 

B y  contrast ,  mixed (doped) vapor sys tems,  consisting of a 
major i ty  species  whose density i s  well below that which would lead to  a n  
insulator  -metal t ransi t ion and a minority spec ies  which can donate e lec  - 
t rons  to the major i ty  species ,  appear to be important  both scientifically 
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and technologically. Suggested combinations include Hg as the majori ty  
spec ies ,  with C s  as  the minority "donor", and e i ther  Se, P, o r  A s  a s  a 
major i ty  species with halogens o r  alkali  me ta l s  as donors .  I t  is des i rab le  
that the majority species  become a negative ion upon accepting a donor 
e lectron,  since a negative ion will have a l a rge  "e lec t ron  radius" and thus 
lend itself well to e lectron t ransfer  by tunneling. 

The conducting behavior of mixed sys t ems  i s  l ikely to be m o r e  
access ib le  to proper  theoret ical  t rea tment  by methods s imi la r  to those 
used f o r  hopping and impurity band conduction in semi-conductor s.  

It is  quite possible that  mixed sys t ems  will be found to have 
considerable technological value, e i ther  in MHD o r  thermoelec t r ic  appli-  
cations.  Both pract ical ly  and scientifically, i t  i s  believed that  this  is  a 
m o s t  fruitful area for study, where the c u r r e n t  s ta te  of only-qualitative 
understanding r ep resen t s  a se r ious  inadequacy in the bas ic  foundation 
which should ex is t  for  a technology such a s  energy conversion. 

Finally, it should be r emembered  throughout the p re sen t  
discussion that the t ransi t ion f r o m  the insulating solid to a metal l ic  solid, 
which is due to overlapping bands,  o c c u r s  a t  much higher densi t ies  than 
those under consideration he re .  The re  i s  no relat ion between these 
t ransi t ions and the ones discussed herein.  
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1. INTRODUCTION 

This  is not a r epor t  of completed work on a well developed subject. 
I t  cannot be,  for  the subject is  only in a pre l iminary  s ta te .  Thus,  instead 
of providing definite answers ,  we w i l l  define the na ture  of the questions 
which should be asked,  par t icular ly  of theory.  
be a m o s t  interest ing topic about which all too l i t t le  is  known; the experi-  
men t s  wi l l  be difficult, but the reward can be the deeper  understanding 
of the physics  of ma t t e r  under most unusual c i rcumstances .  

The wr i t e r  believes i t  to 

Our purpose is  to examine the probable behavior of dense vapors  
o r  low-density liquids (i.  e . ,  mat ter  in a fo rm with a density of perhaps 
1 to 10 percent  of normal  solid o r  liquid density).  
tion to t empera tu res  l e s s  than about 2500°K, above which d i r ec t  t he rma l  
ionization effects wi l l  occur .  one makes  a 
t ransi t ion to high tempera ture  plasma ( l o 4  - l o 5  OK) where  the electronic  
considerat ions of c ruc ia l  importance in the p re sen t  problem no longer play 
a ro l e .  

We r e s t r i c t  considera-  

Well above that t empera tu re  

The immedate  in t e re s t  in  this subject de i ive  f r o m  the specific 
objective of examining the electr ical  conductivity of dense vapors  a t  high 
p r e s s u r e s  and intermediate  tempera tures  to de te rmine  their  possible 
application to MHD sys tems.  
possibi l i t ies  was due to Mi l le r .  
answered  to understand the experiments and delineate the range of appli-ca- 
bility a r e  of much broader  intrinsic importance.  

An ea r ly  appreciation of the interest ing 
However, the questions which mus t  be 

A s  a basic  scientific problem, dense vapors  have not received 
nea r ly  a s  much attention a s  the limiting dense solid o r  dilute vapor fo rm,  
par t icu lar ly  for  e lements  which a re  metal l ic  in their  condensed phase.  
The r easons  a r e  apparent  in regard to both experimental  and theoret ical  
a spec t s .  Experimentally,  high p r e s s u r e s  and difficult ma te r i a l s  problems 
a r i s e .  
we apply the t ime-honored and fortuitous self-deception embodied in  the one- 
e lec t ron  approximation and the Boltzmann t r anspor t  equation. 

Theoret ical ly ,  neither in constitution nor  t r anspor t  p roper t ies  can 

Recently, a significant development of i n t e re s t  in the theoret ical  
a spec t s  of this problem was made possible by the introduction of proper  
many-electron descr ipt ions of the s ta te  of such ma t t e r3 -6  a s  well a s  
general ized techniques for  describing hopping and tunneling t r anspor t  in 
such sys tems when the Boltzmann equation is not applicable.  ' - lo Thus,  
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discussion of this subject involves an essent ia l  depar ture  f r o m  the 
tradit ional methods of e i ther  solid s ta te  o r  p lasma physics ,  and is the re -  
fore  of some considerable scientific in te res t .  

We have a l r eady  r e f e r r e d  t o  the technological motivation in 
studying this subject.  
it occurred t o  the wr i t e r  that some ca re  must be taken to re -examine  the 
validity of the basic  MHD constitutive equations,  s ince the mode of con- 
ductivity envisaged in dense vapor sys t ems  i s  r a t h e r  different f rom the 
standard kinetic model  of a gas of e lec t rons ,  mixed ions,  and neut ra l  
a toms .  

In examining this potential u s e  of conducting vapors ,  

In fact, i t  appea r s  that  the point in  question w i l l  not be t roublesome 
pract ical ly .  However, for  the r eco rd ,  it may be worth d iscuss ing  anyhow. 
The defining equations for  MHD conver te rs1  compr ise  seve ra l  conser -  
vation conditions and the constitutive relat ion between cu r ren t  and f i e lds .  
These  relate hydrodynamic quantit ies to e l ec t r i ca l  (e lectronic  and ionic) 
proper t ies .  
using the ener gv- conservation condition 

The  essent ia l  point which concerned u s  can be i l lus t ra ted  

2 
PU [d/dx(%+ c P T)] = j - E . (47) 

The left side of Eq .  (47 ) i s  hydrodynamic and r e f e r s  t o  the gas kinetic 
translational and t h e r m a l  energy of the fluid, -and the right side i s  e lec-  
t r i ca l .  More par t icu lar ly ,  the cur ren t  is c a r r i e d  quite predominantly by 
electrons je>>j i ;  thus ,  it i s  apparent  that  for  Eq.(47) to  hold, the  e lec-  
t r i c a l  energy supplied by the e lec t r ica l  field to  the e lec t rons  must  be 
t r ans fe r r ed  to ion and a tom translat ional  motion. In ord inary  electron-  
ion g a s  conduction, t he  electron does lose  its electrically-gained energy 
by collision with the ions and atoms12 and,  a s  long a s  the sys t em i s  l a rge  
in s ize  compared t o  the mean  f r e e  path, the conservat ive condition i s  
valid. 
tunneling f rom one atom to another;  so, in  pr inciple ,  i t  might be possible  
f o r  such electron t r ans fe r  t o  take place without t r a n s f e r r i n g  kinetic energy 
to  the ionsJ) And this  i s  j u s t  what would happen in  the l imit  of a perfect ly-  
ordered  solid. But we know that e lec t ron  mean f r e e  paths  a r e  usually 
quite sho r t  in any r e a l  sys t em,  so  i t  can be a s sumed  that ,  again a s  a r e -  
sult of d i sorder  scat ter ing,  the electrons will  t r a n s f e r  the i r  t r anspor t  
energy to the ions and e lec t rons .  
fa i lure  of Eq. (4':) would be the  (unlikely) production of significant e lec t ro-  
luminescence i n  e lectron tunneling t r anspor t ;  such radiation energy would 
not go into the fluid motion. 

In the p re sen t  ca se ,  e lectronic  conduction was t o  take place by 

9: 

Stil l  another  example of the possible  
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We tu rn  now to  some remarks  on thermoelec t r ic  applications of 
conducting vapor sys t ems .  
a l l  known solid- s ta te  sys tems i s  the  latt ice t h e r m a l  conductivity, which i s  
a n  i r r e v e r s i b l e  pa ras i t i c  production of entropy. l 3  
sys t ems  may at ta in  the  r moe le  ct r i cally - de si r able c ondu c t ivit y and the r m o  - 
e lec t r i c  power without attendant high la t t ice  the rma l  conduction ( i t  w i l l  be 
replaced by gas kinetic heat flow). 
l eas t  as  important and potentially-practical  a n  aspec t  of study a s  i s  the 
potential  MHD usage ,  

The parameter  which l imits  the  efficiency of 

Dense,  mixed vapor 

In the w r i t e r ' s  opinion, this is  a t  

Final ly ,  t o  lend fur ther  perspective to  any potential  technological 
applications,  it mus t  be remembered that  many of the proper t ies  d i scussed  
h e r e  v a r y  significantly with tempera ture .  Hopefully, the advantages a r e  
to  be sought in  the lower tempera ture  region (750 - 20OO0C) by using high 
p r e s s u r e s .  
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2. ELECTRONIC BEHAVIOR OF PURE SINGLE-SPECIES 

MATTER AT LOW AND HIGH DENSITIES 

It has  a l ready  been mentioned that t h e r e  i s  a fundamental quali tative 
d i f fe rence  between the proper t ies  of a low-density potentially-metall ic 
species  ( e .  g .  , a tomic  hydrogen, monovalent a lkal i  me ta l s ,  e tc .  ) and i t s  
high density fo rm.  (Substances which f o r m  insu la tors ,  with filled bands,  
at- no rma l  solid densi t ies  a r e  neither of concern nor in te res t  in the present  
discussion.  ) 3  This  essent ia l  and conceptual difference i s  a s  follows: If 
the one electron (Har t ree-Fock)  approximation were  valid, we could, in 
pr inciple ,  descr ibe  the valence electrons in a dilute a lka l i -meta l  gas by 
Bloch- like extended orb i ta l s ,  half filling a "band" o r  continuum of s t a t e s  
Though the width of this  band would dec rease  with decreasing densi ty ,  
the lowest lying excited s ta tes  above the ground s ta te  would s t i l l ,  in pr inci-  
ple ,  l ie  infinitesimally close and the behavior would be metal l ic  in nature  
in a l l  densi t ies .  

This  one-electron view is substantially wrong, in e s sence ,  a s  Mott, 3 
4 Hubbard, and Kohn have pointed out. Correlat ion effects,  which become 

significant in  the low density l imit  when electrons a r e  placed in the same  
a tom,  fundamentally modify the description. The appropriate  wave func- 
t ions at l a rge  atomic separat ions really localize e lectrons in disconnected 
regions of configuration space,  and the ground s ta te  w i l l  be detached by a 
finite energy f rom a continuum of excited s t a t e s .  
g r e e ,  but it is' essent ia l  that the configuration should be that of an insulator .  

It is not a m a t t e r  of de-  

A s  the density i s  increased ,  a sudden t ransi t ion to a quite different 
configuration i s  expected- -namely,  the metal l ic  s ta te  descr ibed  by the 
extended orbi ta ls  r e f e r r e d  to  above. 

The  essent ia l  nature  of the problem i s  covered by the above 
r e m a r k s  but additional physical  feeling fo r  the situation can be obtained 
f r o m  Mott' s a r t i c l e , 3  whose essent ia l  points we r e s t a t e .  
a lkal i  me ta l  gas which we w i l l  compress  through a range of dens i t ies ,  
which might take u s  continuously up t o  solid o r  liquid dens i t ies .  
densi t ies  we expect the a toms to  be descr ibed  by atomic orb i ta l s  which 
place exactly one valence electron on each atom. 
localization cannot be prec ise ly  cor rec t  and we must  examine the na ture  
of e lec t ron  t r ans fe r  and exchange. 

Consider an 

At low 

However, this complete 

T h e r e  a r e  two competing f ac to r s :  
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a. When two a toms a r e  brought together ,  and assuming an 
"atomic orbital" (AO) bas i s ,  t he re  i s  possible an electron 
t ransi t ion f r o m  the m - t h  to n- th  a tom which is quantum- 
mechanically specified by a n  overlap potential- energy ma t r ix  
e lement ,  ml V I  n ,  (vmn for  brevi ty) .  
define this  quantity too prec ise ly  h e r e ,  nor  do we need t o  do 
so  f o r  the purpose at  hand. 
element which leads t o  molecular binding, o r  r e l a t e s  to  the 
band widths in a tight binding descr ipt ion of solid- s ta te  
e lectron energy levels .  In e i ther  of these  c a s e s ,  i t s  magni- 
tude i s  s e v e r a l  e lectron volts a t  no rma l  molecular  and 
atomic densi t ies .  As the density d e c r e a s e s ,  th i s  overlap 
integral  fa l l s  off rapidly,  usually exponentially. T o  sum- 
mar i ze ,  this  overlap ma t r ix  e lement  between atomic orbi ta ls  
can produce delocalization of the e lec t rons  by interatomic 
t r ans fe r .  

We do not wish t o  

It i s  this interact ion ma t r ix  

b. When an electron is envisioned a s  t r ans fe r r ing  f r o m  the  m - t h  
t o  n- th  a tom,  without allowing the other  e lec t rons  on the n- th  
a tom to "make way" by t r ans fe r r ing  in  tu rn ,  a substantial  
amount of ' lcorrelat ion" energy must  be provided. 
in  the very  low density l imit ,  a posit ive and negative ion a r e  
produced requir ing an  amount of energy I-A, where  I i s  the 
ionization energy and A is  the e lec t ron  affinity for  formation 
of a negative ion. This  quantity (I-A) i s  typically s e v e r a l  eV 
in  pure sys t ems ,  and may depend a l s o  on the magnetic s ta te  
which r e su l t s .  In any case ,  this effect  opposes preceding 
fac tor  (a) and tends to  localize e lec t rons  in a quota of just  one 
p e r  a tom ( in  the present  case)  , and a l s o  leads to  a ground 
state detached by finite energy f r o m  the excited s ta te .  

In essence ,  

The  formalization of th i s  s ta te  of a f f a i r s  may  be embodied in a 
Hamiltonian4, wri t ten in  second quantized f o r m  with a n  A 0  or  Wannier 
function basis .  A reasonable  approximation is t o  include only the c o r r e -  
lation correct ion for e lectrons on the same a tom.  Since we w i l l  not u s e  
the equations specifically h e r e ,  we re fer  t o  r e fe rences  4 and 5 f o r  f u r t h e r  
detai ls .  

Detailed calculations may d i f f e r ,  but t h e r e  i s  no d isagreement  on 
the genera l  behavior t o  be expected. 
and the  system i s  t ru ly  insulating. 
( t r ans fe r )  effects become important  and can  re l ieve  the  e lec t ron  excess  on 
any one atom by compensating t r a n s f e r .  
place when vmn becomes comparable  to I-A, whereas  a d rama t i c  change 
to meta l l ic  charac te r  takes  place.  
an  o r d e r  of magnitude, though much remains  t o  be done theoret ical ly  to  

At low dens i t ies ,  fac tor  (b) dominates 
At higher dens i t ies ,  many-electron 

Mottl s c r i t e r ion  i s  that  this  takes  

This  c r i t e r ion  can hardly be wrong by 



develop a relevant and t rac t ib le  model; however,  Mott' s cr i te r ion  allows 
u s  to  draw some  conclusions about the likely conditions f o r  achieving the 
metal l ic  t ransi t ion;  namely, pure vapors would have t o  be - very  dense indeed 
( an  est imate  i s  10 percent  of solid densit ies) before t ransi t ion t o  the meta l -  
l ic  s t a t e  occurs .  However,  
it mus t  a l so  be noted that  we have no way of es t imat ing how density fluctu- 
a t ions,  which could be significant in the present  si tuation, w i l l  a f fec t  
multiple t r a n s f e r .  
None the l e s s ,  i t  i s  the w r i t e r ' s  view that ,  in  any case ,  the t ransi t ion can 
take place only at such high densit ies that  f a r  m o r e  important  questions of 
thermodynamic stabil i ty dominate the si tuation. These  questions a r e  d i s -  
cussed in Section 5.  

This  follows f rom requiring vmn - I-A - 1 eV. 

This ,  of course ,  i s  the nas t ies t  p a r t  of the problem. 

Young6 has  est imated the cr i t ical  dens i t ies  fo r  the metal l ic  
t ransi t ion in  the alkali  meta ls  to  be about 20 percent  of solid densi t ies .  
The p r e s s u r e s  necessa ry  to  achieve such densi t ies  i n  the gaseous s ta te  
may wel l  be lo5  a tm.  

F r o m  these  considerat ions,  it follows that computations of 
conductivity which do not specifically take  e lec t ron  cor re la t ion  effects into 
account1 w i l l  be quite inapplicable to vapors  of single species  at low den- 
s i t i e s ,  i . e . ,  densi t ies  l e s s  than, say, 10 percent  of solid and lower 
dens i t ies ,  We comment fur ther  on this ma t t e r  in  Section 4. 
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3 .  MIXED OR "SEMI-CONDUCTING" VAPOR SYSTEMS 

We have developed the view that in a "pure'l vapor ,  ve ry  high 
dens i t ies  w i l l  be required f o r  a t ransi t ion f r o m  the insulating vapor s ta te  
t o  a metal l ic  vapor s ta te .  In Section 5 ,  even the thermodynamic stabil i ty 
of such a s ta te  w i l l  be shown t o  be questionable. 
a n  al ternat ive possibil i ty,  therefore .  A natural  analog t o  a solid s ta te  sys-  
t e m  would be the doped insulator  o r  "semi-conducting'' vapor .  

It i s  worth reconsider ing 

By semi-conducting vapor we mean that  a major i ty  spec ies  is  the 
pr incipal  component of the vapor,  which a l so  includes a minori ty  compo- 
nent whose function is ei ther  t o  donate o r  accept  an  electron f r o m  the 
major i ty  component. 
e s s ,  next the c r i t e r i a  fo r  des i rab le  combinations, and th i rd ,  a few 
pa r t i cu la r  combinations. 

We examine f i r s t  the na ture  of the conducting proc-  

The  problem of descr ibing and analyzing e lec t ron  t r a n s f e r  a t  low 
dens i t ies  i s  much s impler  now. 
o r  accep to r s ,  e lectron t r ans fe r  in  donor sys tems takes  place by in t e r -  
change of an  electron f r o m  one majority a tom to  another and mere ly  
amounts to changing the identity of the negative ion ( o r  posit ive ion in the 
c a s e  of acceptor  sys t ems) .  
energy;  the in t ra -a tomic  correlat ion has  been accounted fo r  i n  forming the 
ions in  the f i r s t  place and does not a l t e r  when the identity of the ion is  
s imply interchanged. Thus,  t h e r e  i s  conceptual justif ication in  using one- 
e lec t ron  models fo r  conductivity. 

Presuming a low concentration of donors  

Thus,  t he re  i s  no net change in  cor re la t ion  

F o r  these t h e r e  exis t  two limiting cases :  

a .  The band model fo r  a sys t em with a s m a l l  c a r r i e r  
concentration (of either e lectrons o r  holes) ,  including im- 
puri ty  bands in  compensated semi-cmductors;  o r  

An atomic model  with t r anspor t  by hopping f rom one s i te  
t o  another .  

b.  

An application of the fo rmer  approach i s  contained in Reference 1,  
and we believe i t  to be appropriate ,  t o  a degree ,  in  the case  of doped in- 
su l a to r s  (but not for  pure  sys t ems) .  The la t te r  view i s  developed in  
var ious  discussions of hopping and tunneling conductivity in dilute o r  
narrow-band semi-  conductors.  14-16 In ei ther  case ,  the density depend- 
ence of overlap potential ma t r ix  e lements ,  which de termine  electron 
t r a n s f e r ,  can be est imated with some order '  of magnitude confidence in  



the  absolute and relat ive t r ends  among possible  mixtures .  
t o  the t ranspor t  problem in g rea t e r  de ta i l  in the next section. 

We will re turn  

The c r i t e r i a  for  useful combinations follow f r o m  the above 
discussion of mechanism,  supplemented by some obvious physical  chemi- 
ca l  considerations:  

a.  In a solid t h e r e  i s  not too much a p r i o r i  difference between 
donor and a c c q t o r  sys tems;  th i s  i s  not t r u e  f o r  vapors .  
Electron t r a n s f e r  i s  to take  place a t  low densi t ies  by in te r -  
action t ransi t ion due to over lap  potentials.  
a r e  much l a r g e r  than posit ive ions,  so  that fo r  a given den- 
si ty,  e l e c t r o n  t r ans fe r  between a negative ion and the 
same-spec ie s  neut ra l  i s  f a r  m o r e  likely than in the posit ive 
ion case .  Thus ,  donor sys t ems  a r e  overwhelmingly 
p re fe rab le .  

It i s  apparent  that a minimum energy  should be required 
to  ionize the donor to t r ans fe r  an  e lec t ron  to  the major i ty  
spec ies .  F u r t h e r m o r e ,  the  major i ty  spec ies  should be 
capable of forming  stable negative ions.  Thus ,  we wish  to  
minimize (Id - Am), where Id is the donor ionization energy,  
and Am is the majori ty  e lec t ron  affinity. (Note that in the 
single species  sys tem,  the " in t r ins ic  activation energy", 
I-A, r e f e r r e d  t o  ionization and e lec t ron  attachment of the  
same  species  and i s  cer ta inly substantially l a r g e r  than that 
obtainable by judicious combinations envisaged h e r e .  ) 

In addition t o  work in  the vapor phase ,  we d e s i r e  a major i ty  
species  with a s  high a vapor p r e s s u r e  a s  possible ,  and 
which is chemically compatible with a minori ty  donor which 
a l so  has  sufficient vapor p r e s s u r e  t o  be present  in reasonable  
concentration. 

- 

Negative ions 

b. 

c. 

These a r e  the genera l  conditions which mus t  be met .  Specific data 
relevant to  these c r i t e r i a  must  be obtained f r o m  a var ie ty  of sou rces .  
Electron affinities and ionization potentials a r e  obtainable f rom the l i t e r -  
a t u r e .  ", l8  Vapor p r e s s u r e  data may s imi l a r ly  be calculated f r o m  
thermochemical  data;  a par t icu lar ly  useful compilation for  solid and 
liquid elements i s  given by Honig. l 9  

It must be emphasized that  to  proceed significantly beyond our 
present  qualitative and semi-quantative knowledge, many difficult  experi-  
ments  a r e  needed. Thus,  though a number of possible  mixed s y s t e m s  
should be considered, we r e s t r i c t  our  r e m a r k s  t o  a few i l lus t ra t ions .  



One combination which might be regarded a s  the prototype of the 
"donor" sys tem is an  "insulating" Hg vapor doped with C s ;  that i s ,  Hg i s  
the majority species .  The following data a r e  relevant.  At 643OK, C s  has 
a vapor p r e s s u r e  of 10 t o r r ,  while Hg has  a vapor p r e s s u r e  of l o 3  t o r r ;  
this represents  a relative donor concentration of 1 percent ,  though a t  a 
relatively low p r e s s u r e .  
(1 .32 a tm) ,  while Hg has a p re s su re1  of approximately 60 a tm.  Thus ,  the 
donor concentration of C s  would probably be adequate. With regard t o  
electronic proper t ies ,  the ionization potential of C s  is 3 I 8 7  eV, and the 
e lec t ron  affinity of Hg to  form Hg- is 1. 79 eV; the difference id - Am = 
2 .  08  eV i s  significantly l e s s  than any single- species  ionization potential. 
Chemically,  it i s  likely that C s  and Hg w i l l  be compatible. This  appea r s  
t o  be a promising system for study. 

3 At 980°K, C s  has  a vapor p r e s s u r e  of 10 t o r r  

Metallic negative i o n s  such a s  Hg- a r p  an  exception: they a r e  
expected to  be smal le r  in s ize  than molecular negative ions o r  the Eegativc 
ions formed f r o m  elements  f r o m  the right hand side of the pericdic table 
Examination indicates that mater ia ls  such a s  S e ,  S,  P ,  A s ,  C1, C N .  and 1 
a l l  have reasonably high vapor p re s su res  and a l s o  fcrm negative ions.  
The majori ty  of these a r e  known t o  have high electr ic  pGlarizability> i n -  
dicative of la rge  s ize .  However, t h e  choice of a donor is  not obTrious, 
since alkali meta ls ,  for example,  will likelv f o r m  pclar  molecules .  

Much of the chemical  physics of this  subject is unknown, and in 
concluding th i s  section, we empha s i7e  the  need for apprcpriate  appliratjen 
of chemical  thermodynamics i n  choosing mixed s y s t e m s ,  
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4 .  ELECTRON TRANSPORT IN DENSE VAPOR SYSTEMS 

An attempt t o  analyze e lec t r ica l  conductivity in  sys t ems  such as 
those d iscussed  here in  i s  a most  interest ing experience.  
i l lus t ra te  how specialized the basic  p remises  on which the grea t  bulk of 
conventional t ranspor t  theory  is based real ly  a r e .  

It s e e m s  t o  

The conventional method of descr ibing electron t r anspor t  i s  by 
means  of a s ta t i s t ica l  theory.  
function (reduced f rom an  N-particle),  r e f e r r ing  to a bas i s  descr ipt ion 
( f r ee  pa r t i c l e s  o r  Bloch functions i n  a c rys ta l )  whose s ta tes  a r e  e igenstates  
of the e lec t ron  cur ren t  opera tor ,  and considers  sca t te r ing  t o  be a non- 
essent ia l  pa r t  of the t ranspor t  p rocess ,  except insofar  a s  it is l imited 
thereby.  In addition t o  these  ingredients,  the distribution function i tself  
mus t  be obtained f r o m  a defining integro-differential  equation (Boltzmann) 
which has  validity only for  a continuum of spat ia l  and momentum s t a t e s .  
With the  origin of t r anspor t  theory in gas  kinetic problems,  and with the 
var ie ty  of plasma and electronic  systems for  which the idealization to  
these  conditions is not a troublesome approximation, th i s  is not surpr i s ing .  

It i s  based on a one-phrt ic le  distribution 

In contrast  to  the preceding, e lec t ron  t r a n s f e r  in high-density vapor 
sys t ems  s e e m s  t o  exemplify the most opposite kind of si tuation. 
a t , t he  ve ry  highest densi t ies ,  the appropriate basis  s ta tes  a r e  a tomic  o r -  
bi ta ls  which c a r r y  no cur ren t .  
continuum. In "puretl single- species sys t ems ,  e lec t ron  cor re la t ion  mus t  
play a n  essent ia l  ro le .  Thus,  no one-particle distribution function ob- 
tained f rom a Boltzmann equation is applicable.  F u r t h e r m o r e ,  sca t te r ing  
f r o m  one a tomic  s ta te  to  another i s  a n  essent ia l  pa r t  of the t r anspor t  p roc-  
e s s  i tself .  
which c a r r y  the e lec t rons  a l so  play a n  essent ia l  role .  

Except 

The bas i s  s ta tes  do not f o r m  any s imple 

Finally,  the  spat ia l  distribution and cor re la t ion  of the a toms  

Fortunately,  during the past f e w  y e a r s  t h e r e  have been many 
developments .in t r anspor t  theory,  par t icular ly  in  many-body solid s ta te  
theory ,  which may  be used with grea te r  generali ty.  Pr incipal ly ,  these  
compr i se  the general  descr ipt ion of t r anspor t  based on cor re la t ion  func- 
t i o n ~ ~  and the development of Green' s-function methods f o r  finding these  
cor re la t ion  functions, and a r e  general  enough to  handle e i ther  the l imiting 
c a s e  of near ly  f r e e  par t ic les ,  8,9,20,21 o r  the opposite case  of tightly 
bound electrons14. 
r eg ime  of l inear  response  theory (ohmic conductivity). 

Of course ,  these methods a r e  only manageable in  the 



It should be s ta ted immediately that we have not applied these  
methods yet i n  de ta i l  t o  the vapor sys t ems  under discussion.  Rather ,  the  
r e m a r k s  just made a r e  intended t o  ca l l  attention to the fact  that t r anspor t  
calculations based on f r ee -pa r t i c l e  o r  Bloch-function s t a t e s  can only be 
valid in  the l imit  of essent ia l ly  solid dens i t ies  and, j u s t  a s  in discussing 
the electronic constitution, mus t  a l s o  fail in a n  essent ia l  qualitative man- 
ne r  f o r  vapors .  
and in  some semi-conducting sys t ems  when conduction t akes  place by hop- 
ping f r o m  site t o  s i te .  15, 16,22,23 
t r a n s f e r  matr ix  e lements  a r e  usually not the s imple potential  over lap  
t e r m s ,  but a l so  contain phonon contributions.  ) 

This situation has  been encountered in  narrow band solids, 

(In the case  of semi-conductors ,  the 

The essent ia l  s teps  necessa ry  to  develop a p rope r  theory  now 
follow. we mus t  compute a n  appro-  
p r i a t e  t r ans fo rm of the cu r ren t - cu r ren t  cor re la t ion  function; th i s  may be 
understood qualitatively by recognizing that a n  applied e l ec t r i c  f ie ld  cou- 
p les  energy into the sys tem by acting on moving cha rges ,  and we 
subsequently a l s o  observe  the effect by measur ing  the cu r ren t  assoc ia ted  
with th i s  charge distribution. Thus ,  ( fo r  a n  isotropic  medium) the s ta t ic  
conductivity is 

F i r s t ,  according to  Kubo' s method, 

" P  

s = o +  b 0 

u = li'm r dt  J dX exp(-st)  [ J (-ihl)  , J(t) ] (4 d ) 

where the meaning of the symbols is s tandard ,  and the review a r t i c l e  by 
Chester lO o r  the paper  by Matsubara and Toyozawal4 should be consulted 
f o r  de ta i l s .  T o  u s e  this equation, we need the equations of motion f o r  the  
cu r ren t  opera tors  J(t), which a r e  in Heisenberg representa t ion .  

T o  determine these  J ,  the method of Green'  s function may  be 
employed. 9 We cannot now make  a n  extensive excurs ion  into the  de ta i l s ,  
but can  simply point out what s eem t o  be the cu r ren t  important  o r  unre-  
solved aspec ts .  The appropr ia te  bas i s  representa t ion  for  the vapor  case  
would be atomic orbi ta ls  or  Wannier functions. The  significant f ea tu re s  
w i l l  then be contained in a Hamiltonian, wr i t ten  in second quantized f o r m  
using creat ion o r  annihilation a t  the i th  o r  j th  si te:  

f 
j , O  where n i , a  is the number operation; a i , a  i s  the creat ion opera tor ;  a 

is  the annihilation opera tor ;  and the a1 s a r e  spin indices .  
contains both the in t ra -  a tomic  and in te ra tomic  one- e lec t ron  kinetic- 
energy and potential- energy ma t r ix  e lements  (and thus would de te r -  
mine the usual one-electron energy bands and related p a r a m e t e r s  in the 

The f i r s t  t e r m  



crystal l ine case) .  The  second t e r m  is a n  approximation mentioned 
before; it i s  the correlat ion energy which r e su l t s  f r o m  multiple occupation 
of the same  ith s i t e  and omits  correlat ions between different s i t e s .  
type of Hamiltonian is considered by Hubbard5 and by Kohn4. 

This  

The e lec t ron-cur ren t  operator has  z e r o  expectation for  a single 

The  complete cur ren t  opera tor  
a tomic orbi ta l .  But the solutions to  the interact ing sys tem defined by Eq. 
(49j may  definitely have non-zero value. 
would contain a l l  the information about the average  !!intra- cell" cu r ren t  as 
well as  the " inter-  site" cur ren t  where the e lec t ron  i s  t r a n s f e r r e d  through 
the sys t em.  
Toyozawa'* give a n  appropriate  expression which s imply local izes  the 
electron of the nth nucleus a s  long a s  it i s  on the nth atom. 
i s  then 

It is the la t te r  which i s  of i n t e re s t ,  and Matsubara and 

The cu r ren t  

t 
J = (ie/h) r H, C R  a 

L m m,u  m,a -  m 

where the bracke ts  a r e  the usual  commutator giving the t ime r a t e  of 
change of this  approximate ele  c t r  on-position distribution. 

In the 'Ipure'l vapor at low densi t ies ,  the electrons r e f e r r e d  t o  in 
E q . ( 4 5 ) a r e  about one p e r  a tom of the whole and the correlat ion t e r m  in the 
equation dominates so that the ground s ta te  is an  essent ia l  insulator  (d is -  
cussed  in Section 2 ) .  T o  compute the conductivity properly in  this  l imit ,  
it i s  quite essent ia l  that  the Hamiltonian, Eq. (499, be t rea ted  completely. 
Hubbard5 has  made  some p rogres s  along these l ines ,  but expressions f o r  
the conductivity a r e  not yet available. This  is a difficult problem--again,  
due t o  the correlat ion.  

By contrast ,  in  doped vapors,  a Hamiltonian s imi l a r  t o  Eq.  (49) 
could be writ ten; however, fo r  the much sma l l e r  average number of e lec-  
t rons  p e r  major i ty  a tom,  the correlat ion t e r m  can be neglected. 
computation in  this  ca se  i s  f a r  more  t rac tab le .  Specifically, Matsubara 
and Toyozawal4 have ca r r i ed  out a development of just  this model in con- 
nection with compensated majority-band conduction i n  a randomly-doped 
semi-  conductor (par t ia l ly  compensated) 
to be hydrogen-like.  
and conductivity in the limiting case where the Hamiltonian Eq.(43) is 
approximated by only the interatomic matrix elements  of potential  vij. The  
G r e e n ' s  function and the equation of motion, Eq.(50), of the cu r ren t  opera-  
t o r  J have been obtained by averaging over  var ious random configurations 
of the impuri ty  a toms.  It would seem that this model  could be extended 
m o r e  d i rec t ly  t o  the case  of mixed vapor  sys tems than that of Thi r r ing ,  

The 

The  atomic orbi ta ls  a r e  a s sumed  
They compute express ions  f o r  both the level  density 

1 

1 O i  



which is also done in  the spir i t  of l inear response theory and Green' s 
functions,  but so  f a r  has been res t r ic ted  t o  one-dimension and delta- 
function random potentials s 

The purpose of this  section was t o  s u m m a r i z e  the nature  of the 
electron- t ransport  problem in the dense vapor s ta te  
data a r e  available fo r  mixed sys tems,  t he re  i s  some hope of applying 
existing methods to  analyze the data.  

When conductivity 
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5 .  THERMODYNAMIC CONSIDERATIONS - PHASE 

TRANSITIONS IN THE DENSE VAPOR 

In the cu r ren t  l i t e ra ture  on transitioiis f r o m  the insulating dilute 
gas  to  a meta l l ic  spec ies  of much higher densi ty ,  attention s e e m s  to  have 
been directed a lmost  exclusively to the electronic  constitution of two a l t e r -  
nate configurations. F o r  an  alkali  metal ,  the insulating s ta te  i s  descr ibed  
by a tomic  orbi ta ls  with one, and only one, valence electron pe r  a tom; i n  
the metal l ic  s t a t e ,  any one electron wave function extends over  the whole 
sys t em and,  on the average ,  t he re  i s  only one e lec t ron  pe r  a tom. More-  
ove r ,  attention has been directed particularly to  the condition required for 
thc energy of the two configurations to  become equal,  s ince this would 
m a r k  the t ransi t ion f r o m  one f o r m  to  the o thcr .  

T h e  question of thc thermodynamic stability of such a transitior, 
configuration, which docs not seem to  have been examined, i s  the subject 
of this s ec t ion .  
likely to  be unstable,  so  that a l 'metal l i (*  vapor  phase" i s  s imilar ly  unlikely. 
Ra the r ,  a f i r s t -o rde r  phase transit ion between a low-density insulating 
vapor and a high-density solid will occur .  

Tt developes that tlie t ransi t ion configuration is  ve ry  

T h e  discussion is presented in seve ra l  s teps :  

a .  We a s s u m e  that t he re  i s  only one insulating and one metal l ic  
configuration of importance.  

b .  We consider  the possibility of dist inct o rde red  and d i so rde red  
(liquid) metal l ic  phases  i n  addition t o  the insulating phases .  

c .  We note genera l  aspec ts  of the phase t ransi t ion problem; 
together with re ference  to  o ther  high p r e s s u r e  s tudies .  

Consider  the probable behavior of the (electronic)  internal  energy 
of a collection of a lkal i  me ta l  a toms.  
only two possible  configurations as  a function of the specific volume 
v = ( V / N ) ,  the expected behavior is  a s  shown in the following sketch. 

Assuming that we need consider  
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The  pr inc ipa l  f ea tu re s  i l lus t ra ted  in this  sketch a r e :  

a.  

b .  

C .  

r 

The "insulating" phase i s  actually the d i spe r sed  gaseous atomic 
phase a t  l a rge  v ,  while the metal l ic  phase  i s  that  which be- 
comes the solid o r  liquid metal ;  the l a t t e r  is  known to  have a 
definite cohesive energy relat ive to  the gas  phase,  a s  indicated.  
The  o r d e r  of magnitude of this cohesive energy  i s  a few e lec-  
t ron vol ts .  

At relatively l a rge  d is tances ,  the meta l l i r  phase  i s  higher  in 
energy than the insulating phase  by s e v e r a l  e lec t ron  volts ( I -A  
i n  the sketch,  where  I is the ionization energy and A i s  the 
electron affinity of the me ta l  a t o m s ) .  

As the specif ic  volume of the meta l l ic  phase  d e c r e a s e s ,  the 
valence e lec t rons  in the meta l l ic  configuration will  behave 
approximately like an e lec t ron  gas  and the H a r t r e e - F o c k  
expression for  the energy24( co r rec t ed  for  cor  relation) will be 

- Lu,(") - uM(rs)] = (7 2 . 2 1  - 7) 0 .916  t ( -0 .115  t 0 .031  log r 
S 

where r i s  m e a s u r e d  in Bohr rad i i  uni ts  I s  r = ( ~ V / ~ T T ) ' / ~ ] ,  and 
the energy i s  given in Rydbergs .  The  z e r o  t e m p e r a t u r e  (sol id  
phase) equi l ibr ium values  of r , corresponding t o  a minimum 
of u M  a t  v , a r e  typically 5 - 1 6  a tomic  uni ts  and E = 5  e V .  

0 m . 
The  shape of the meta l l ic  phase  cu rve  in the preceedlng sketch 
i s  seen to follow f r o m  this expres s ion .  
co re  repuls ive effects would a l so  have to  be included, but do 
not pertain to  the considerat ions a t  l a rge  r S which a r e  of in te r -  
e s t  he re .  Note: F o r  v > v 
phase.  

S 

F o r  s m a l l  r s  the ion- 

- (huM/ars )  < 0 i n  the  "metall ic" 
0' 
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d .  The insulating phase i s  indicated to  have a slight dip with de-  
c reas ing  v result ing f r o m  van d e r  W a a l '  s interactions between 
the neutral  a toms.  The dip i s  cer ta inly only a few tenths of an 
electron volt. 
inadequate to  explain the observed cohesive energy of me ta l s .  2 5  
At sma l l  separat ions the repulsive exchange and coulomb 
energies  w i l l  increase  rapidly causing u,(v) t o  inc rease  again 
with decreasing v.  Two possible behaviors,  (1) and (2),  a r e  
shown in the sketch. 

Van d e r  Waal' s energ ies  a r e  known to be quite 

The  ze ro  tempera ture  propert ies  of this  sys tem have an  important 
feature:  once the metal l ic  phase i s  reached a s  v d e c r e a s e s  ( i .  e . ,  the 
crossings at  e i ther  v c ( l )  o r  v ( 2 ) )  the system i s  unstable against  contrac- 
tion to vo, since the p r e s s u r e  i s  p = (;SuM/?v). 
n u s ,  although the condition for  transit ion t o  the meta l l ic  ( i .  e . ,  conduct- 
ing) phase might occur for v = vc 

C 
( p  i s  negative for v > v o . )  

>vo,  the sys tem would not be s table .  
1 

If we were  to  argue only in  t e r m s  of the energy,  we would conclude 
that a l l  of the ma te r i a l  should condense into the solid phase .  
real is t ical ly  what will actually happen, we must  consider the behavior a t  
finite t empera tu re .  We must  apply standard thermodynamic arguments;  
for  the following development, a standard text26 onstat is t ical  mechanics 
may be used as  a re ference .  
energy r a the r  than the energy.  

T o  descr ibe  

At finite tempera ture ,  we deal  with the f r e e  
F o r  a single-component sys tem,  

F = F ( T ,  V ,  N) = U - TS , (52) 

and s ince F i s  extensive,  we may also use  molar  quantities denoted by 
lower case  symbols:  

F = N f ( T ,  V/N)  = N f ( T ,  V) . (53) 

The s tandard derivative relations apply, 

= f ( T ,  v) +N(:) 2 Is] a v T  (55) 

(5.5' ) 
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The condition for equilibrium between the two phases  w i l l  be 

where  each is a function of T and v.  

To find f ( T ,  v) for the two phases ,  we must  add the finite tempera-  
ture  thermal  energy and entropy t e r m s  to the ze ro - t empera tu re  energy 
contributions discussed above ( s e e  the preceding sketch).  
possibly give exact expressions because of the limited knowledge which we 
have of these sys tems,  but the essent ia l  features  a r e  the following: 

We cannot 

a .  At low densi t ies ,  in e i ther  the metal l ic  o r  insulating phases ,  
we should have the standard contribution (kinetic theory) of 
the f r ee  energy of a gas :  

where A = h ( ~ T M K T ) - ' / ~ .  

At higher densi t ies ,  when the density approaches that of solid 
o r  liquid meta ls ,  an Einstein o r  Debye approximation will take 
over and 

b. 

where UC i s  a charac te r i s t ic  frequency which increases  with 
decreasing specific volume v .  

An electron gas  contribution in the metal l ic  s ta te ,  which s e e m s  
to  be sma l l  compared to e i ther  of the above i n  the range of 
in te res t  h e r e .  

At la rge  v ,  we expect f ( A )  to  be near ly  the s a m e  for  e i ther  
phase.  
fhB) for the meta l  and insulating phase respect ively,  but both 
a r e  an o rde r  of magnitude l e s s  than the cohesive energy,  being 
measured  in units of KT which i s  a few tenths of an electron 
volt at the modera te  t empera tu res  under consideration, and 
their  differences will be sma l l e r  s t i l l .  

c .  

d .  T 
At sma l l e r  v ,  we can expect some difference between 

106 



A plot of the f r e e  energ ies  

f 

l a rge  v - ( A) f M  - U M  - f T  

Metall ic 

I V 

for  the insulating phase i s  shown in the followin sketch f o r  a par t icu lar  
t empera tu re  T1 .  At la rge  v,  the t e r m  f r o m  fkAT, namely KT log (v/X ) ,  
dominates .  
I -A ( s e e  preceding sketch) .  

3 

Also, a t  l a rge  v the difference i n  f r e e  energ ies  will approach 

T =  T 
1 

N 1 Eq. (55 ' )can  be substituted in  (10) t o  give th  
equilibrium: 

1%) = f  - v ( < )  af , 

'M - vM bvM I I av 
T T 

f t p  v = f  t p v ;  M M M  I I T  

onditi n f o r  

( 6 0 )  

however ,  s ince we a r e  considering the possible equilibrium between one 
phase  and another  in the s a m e  container,  I.lie p r e s s u r e s  must  be. equal,  
( i .  e . ,  pM = pI = p) .  Thus  Eq.(60) is siiiiply the  condition under  which 
cu rves  fM and fI  have a common tangent, as indicated in  the l a s t  sketch.  
Th i s  well-known construction determincis the equilibrium vapor p r e s  s u r e .  
The  resu l t  i s  a f i r s t - o r d e r  phase t ransi t ion with a substant ia l  change in  
volume,  i .  e . ,  a n  abrupt  transit ion f r o m  insulating vapor to  dense  me ta l .  
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The t e m p e r a t u r e  dependence is de te rmined  by the varying t h e r m a l  
contributions to  f r e e  energy ,  Eqs. (57Pand (58) .  A t e m p e r a t u r e - s e r i e s  of 
plausible curves  showing the meta l l ic  modification for v < v 
for  v > vc is shown in the following sketch.  

and insulating 
C 

f 

It  i s  to  be noted that as the t empera tu re  i n c r e a s e s  (T1 
t rans i t ion  p r e s s u r e  i n c r e a s e s  and the f i r s t - o r d e r  volume change d e c r e a s e s .  
However ,  it s e e m s  completely unlikely that the upward indentation of the 
two f ree-energy  curves  above the i r  common tangent can e v e r  be el iminated,  
except for  t h e r m a l  energ ies  K T  which a r e  comparable  t o  the s e v e r a l  e lec-  
t r o n  volts by which the in te rsec t ion  of the insulat ing-metal l ic  in te rsec t ion  
in the f i r s t  sketch l ies  above the  minimum i n  the meta l l ic  phase.". 

T 2  < T j ) ,  the  

4. 

The common tangency equilibrium condition will  lead to  two well  
one (insulating) of volume substantially g r e a t e r  than sepa ra t ed  phases:  

vc,  and one (meta l l ic )  with volume substantially l e s s ,  i .  e . ,  approximately 
solid o r  liquid. 
s imply not be attained because it i s  thermodynamical ly  unstable;  even a t  
the highest  p r e s s u r e s  the  equilibrium observed  will  quite probably be that 
between an insulating pas and a m e t a l  of essent ia l lv  solid densi ty .  

A "highly conducting vapor" (of a single spec ies )  w i l l  

As noted in the beginning of this  s e c t i o n ,  t hese  conclusions need 
some  qualification and some  placement i n  the context of changes of s ta te  
genera l ly ,  

::< 
T h e  p r e s s u r e  necessa ry  t o  f la t ten  out the meta l l ic  c u r v e  may be 

It 
es t imated  from the volume der ivat ive of Eq. (E  sj; this  would be a lower 
l imit  f o r  the p r e s s u r e  needed to  e l iminate  the f i r s t  o r d e r  t rans i t ion .  
is  approximately l o 5  a t m  f o r  representa t ive  values  of specif ic  volume. 
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In the f i r s t  instance,  we know that the metal l ic  s ta te  may well ex is t  
in e i ther  an  ordered  o r  d i sordered  stat  e .  
p r e s s u r e s  the fo rmer  i s  a crystall ine s t a t e ,  while the la t te r  i s  a liquid. 

At ordinary tempera tures  and 

Actually, liquid metals  do not differ so great ly  f rom crystal l ine 
meta ls  in most  of their  p roper t ies .  

be discussed quite well  in t e r m s  of a cel l  model  in which the vibrational 
f r e e  energies  of liquid and solid a r e  quite similar2!and finally we know 
t h e r e  i s  not a l a rge  specific volume change on melting. 

The  electronic  constitutions a r e  v e r y  
the thermodynamic propert ies  and the solid- liquid t ransi t ion can 

F o r  a l l  these  r easons ,  we do not believe that d i so rde r  modifies ou r  
considerations for  essent ia l ly  solid densi t ies .  
sponding t o  the insulating- metal l ic  crossing,  it is possible that some 
advantage might be taken of fluctuations in  the spat ia l  distribution of the 
a toms to  lower the energy curves somewhat. 
this  would eliminate the several-electron volt indentation. 

At lower densi t ies  c o r r e -  

However,  i t  i s  unlikely that  

Should this  s u r m i s e  prove experimentally t o  be wrong, it would 
indicate some fascinating cor relation effects indeed. 
t ron ic  configuration with ei ther  c luster  o r  ' 'fibrous" connectivity i s  highly 
speculative.  

An atomic o r  e lec-  

Finally,  t o  place the question of a continuous t ransi t ion f r o m  an  
insulating to metal l ic  vapor phase in yet another perspect ive,  we draw a 
conventional p, T phase d iagram for a single spec ies  system ( s e e  follow- 
ing sketch) .  

C1 t empera tu re  behavior where a c r i t i ca l  t empera tu re  T 
for  the  liquid gas  t ransi t ion i s  commonly observed and above which t h e r e  
a r e  no separa ted  liquid and gas phases .  
t h e r e  i s  another c r i t i ca l  point (T p 9' c2 
m a r k s  the disappearance of a sharp  separat ion into two phases .  
such an  idea has  been discussed29for molecular  sol ids ,  t he re  s e e m s  t o  be 
essent ia l ly  no evidence for  any such t ransi t ion i n  metal l ic  sys tems t o  da t e .  
It i s  p resumed that such a cr i t ical  point would involve p r e s s u r e s  of mega-  
b a r s .  
and Strong3); and s e v e r a l  papers  by Dr ickamer  

Ordinarily we d i rec t  attention t o  the lower p r e s s u r e  and 
and p r e s s u r e  p C1 

What we a r e  now asking i s  whether 
) for  the sol id-gas  t ransi t ion,  which 

Though 

Reference i s  made  t o  the reviews by Brad1ey3';Bundy, Hibbard,  
32 ,33  
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Thus,  even with additional qualifications t o  the  s imple  models  for 
the insulating and metal l ic  s t a t e s ,  we s t i l l  conclude that  a t  any reasonable  
p r e s s u r e s  (< l o 5  a tm)  and fo r  t e m p e r a t u r e s  of the  o r d e r  of 1-3  x 1 0 3 0 K ,  
we expect to find a discontinuous f i r s t - o r d e r  phase  t rans i t ion  f r o m  an  
insulating vapor to  metal l ic  solid in a single component sys t em such as 
alkal i  metal .  
been wrong before .  

This  i s  a challenge to  the exper imenta l i s t  s ince theory has  
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APPENDIX I1 

MATHEMATICAL DEITAILS FROM SECTION I1 

Two integrations which occur during the theore t ica l  discus sion 
The  first is  that  of Eq. (19) when the pseudo- 

Ignoring f ac to r s  of 2 and IT 
the  integration 

w i l l  be performed he re .  
potential v(r9 has  the fo rm given by Eq. (21). 
(which can be absorbed into the normalization constant A) 
is  thus 

Now 

and 

i q r  cos 8 - 2 s in  q r  ];in ede e - 
q r  

1 

0 

when the psuedo-potential f rom Eq. (44) is placed in Eq. (61) and 
Eq. (63) i s  used. One thus obtains 

The  quantity des i red ,  a s  given by Eq. (4Ig is 

NOW employ Eq. (63) to  obtain 

CO 
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Now we write the s ine as the sum of a positive and negative exponential 
and change the sign of q in the la t te r  to  obtain an  in tegra l  along the en t i re  
r e a l  axis ;  

Equation (67) may be evaluated by contour integration, completing the 
contour around the upper half plane t o  obtain convergence. Thus only 
the th ree  poles above the r e a l  axis a r e  enclosed and one obtains 

exP(-A 4) exp(-A A )  B B  

a - n m  m 
2 { ( A 2  - A:) [ Ek - Am n 

f ( A )  = A2 
nm 

Equation (68) i s  indeterminant for the diagonal t e r m s  ( A  
R = 0,  but L' Hospital' s ru le  may be applied to  find that ?he Zagonal  
m e m b e r s  of the sum a r e  

= A ) and fo r  

F o r  R =  0 a s imi l a r  application shows 

The normalization, A,  is found by requir ing that f (0)  be unity if 
E = E the atomic energy level.  k 0' 
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T h e  second integration i s  that of Eq.  (4) in which ;(q) is the 
F o u r i e r  t r ans fo rm of v ( r ) ,  

1 - X r  - X r  
f ( A )  = -  d r -  - A' \ 3 e  e 

Ek r r '  ' 

where  
* + -+ 

rl = r - A .  

.L -,. 

We u s e  spheroidal  coordinates €, and ?? defined by 

r t r '  r - r '  [ = -  Yn=-Y 
2 

and 

3 2lT.t 3 2 2  ( 5  - n ) d t d q  = TArr' d tdn .  d r = -  
8 

Thus Eq. ( 7 1 )  becomes 

2 -11 1 
2~ A e 

2 XEk 

2 "  
f (  0 )  = - .rrA ' i d [  e - X L  , f dn = 

Ek 

( 7 1 )  

(72)  

( 7 3 )  

( 7 4 )  

(75) 

1 - 1  

We now make  u s e  of the fact  that E i s  determined by f(o) to a r r i v e  a t  
0 

Eq. ( 2 2 )  

We can now use  Eq. ( 2 2 )  to  wri te  Eq. (75)  i n  the fo rm used in Eq. ( 2 3 ) :  

.v, , I .  

Refer  to  J .  Strat ton,  "Electromagnetic Theory",  S e c .  1 .  18(6),  
p .  56 (McGraw Hill Book Company, New York,1941). 
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APPENDIX I11 

CONVERSION OF Q MEASUREMENTS TO RESISTANCE 

A s  used i n  these experiments ,  the "Q" m e t e r  m e a s u r e s  the Q of 
an equivalent para l le l  c i rcui t .  
fo rm shown in  the sketch below and the Q i s  then of the fo rm 

That i s ,  the c i rcui t  mus t  be cas t  into the 

0 1 L R ,  

where u i s  2.rr t imes  the frequency. 

(76) 

C 

7- $ R 

Before any c i rcu i t  is added, t he re  a r e  some  los ses  associated wi th  
the coi l  and internal  c i rcu i t ry  used in the "Q" m e t e r .  
gether  with the tuning coil ,  w i l l  be represented a s  i n  the sketch above, 
except with a sub  ze ro .  

These  lo s ses ,  to- 

The Q of this c i rcui t  i s  simply 

Q = & R  
0 0 0  

( 77) 

When the element to  be measured  is connected t o  the "Q" m e t e r  and the 
mathemat ica l  expression for  i t s  impedence i s  ca s t  into a r e a l  and a n  
imaginary  pa r t  ( a s  indicated symbolically in the next sketch) ,  then the Q 
becomes  
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t 

In Eq .  (78, C is the value of the ttiiiliil: capacitor needed for the resonant 
frequency to remain  W. If Q is l a r g e r  than about 10, the value of Q does 
not affect the resonant condition, S O  the total capacity must remain  constant: 

t 

c = c  t C  
0 t z (79) 

Since the 0 m e t e r  dea ls  with para l le l  res i s tances ,  i t  is apparent  
that it is  much e a s i e r  to use  the rec iproca l  of Q than Q i tself .  
i s  done, and Eq. (7?) i s  used ,  Eq.(78) becomes 

When th is  

0 z 

The value of the apparent  res i s tance  R 
Eq. (77) f r o m  Eq. (79), 

c a n  n o w  be found by subtracting 
z 

1/c) - 1 / 0  =. l / (LrC R ) ,  (81) 
0 0 7, 

o r  

We now d i scuss  how the wet and d r y  runs must  be combined to  
find the sample  res i s tance .  
t akes  for the lo s ses  during the d r y  run.  
In the f i r s t  ca se  ( s e e  following sketch) the background losses  a r e  R1 
(appearing direct ly)  and R 2  (appearing capacitatively coupled). 
res i s tance  is  R .  
and any new losses that appear  by connecting the sample  tube to  the Q 
m e t e r .  

Theprocedure  depends on the model one. 
W e  shal l  d i scuss  two such lo s ses .  

The  vapor 
Note that  R1 is actually the para l le l  combination of R 0 
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e 

, 

w h i c h  rcduccs to  the imaginary and  real  par t s  

Now,  during the d ry  run, all  of the above losses  a r e  assumed to 
be present  except the samplv resis tance,  R ,  which i s  infinity. Call the 
Q measu red  during the d r y  rtin Qd and that measured  during the wet run 
simply Q; then Eq.(RO) and (84)may be used to find 

l/Q - l/Qd = 
1 +  

. (85) 

Since R i s  posit ive,  by definit ion,  Q must  always be s m a l l e r  than a d .  
Also ,  Q approaches Qd a s  G ? R  becomes ei ther  much sma l l e r  o r  much 
l a r g e r  than one. 

Equation (85) can be solved f o r  R ,  the actual  res i s tance ,  in t e r m s  
of R Z ,  the measu red  apparent  res i s tance .  
Eq. (82) ,  using od instead of Qo. 

R z ,  in t u rn ,  i s  found f rom 
The resul t  for  R i s  

(86 

It i s  worth mentioning that both t h e  labor  and  the a r i thmet ica l  e r r o r s  in- 
volved in finding R may be reduced by t h e  substitution 

s i n y  - 2/wC R . (86' 3 z  

Equation (79)  now becomes 

R - R  
7, (86") 
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T h e  rcsis tance i s  ii double-valued function of R,. 
usrtl c a n  bc dcxcidcd by a simultaneous measurement  of C, o r ,  in  prac t ice ,  
by a s s u m i n g  that R is  n continuous function of the t empera tu re  o r  p r e s s u r e .  
One thcn uses whicht3vc.r value a s s u r e s  such continuity. 

Which value is to  be 

T h e  second model for  the background losses  i s  very s imi l a r  t o  the 

This  may be the insulating tube containing the sample ,  
last  sketch except that another loss i s  coupled in by the s a m e  capaci tor  
that couples to  R .  
for  example. This  c i rcui t  i s  shown below. 

I 
c 2  

R 
R 2  

The resolution into r e a l  and imaginary pa r t s  is exactly the s a m e  a s  
Eq.(84) except that where R appea r s ,  we must  now use  the para l le l  combina- 
tion of R and R3. 
A l i t t le self-evident a lgebra  can now be used to  find 

The d r y  run Q is again found by letting R go to  infinity. 

This  in turn  may be reduced t o  

I ,  U 

( R  t R ) ' 1 t iRR3 wC3 /( R + R3 ) 1 ") t 
3 )  

i I 
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’ Note that in this ca se ,  Qd can be sirialler than the Q during the run i f  
1 + R3/R I; ( L C ~ R ~ ) ~ .  

C Z 9  

The general  form of Eq.  (88) is showrl in F igure  36 which gives the 

The value of 2 . 4  X 

difference in the rec iproca l  Q ’  s as  a function of R/R3 with wC3R3 a s  a 
p a r a m e t e r .  
Inents,  has  been used for the rat io  c 3 / C o .  

which .s appropriate  t o  the experi-  

R4 

It should be noted that the left-hand side of Eqs .  (85) and (88) can 
be writ ten 

- 1  bQ - -  - 1  
Q - c d  - 

OQd ’ 

where 

A Q = Q d - Q  . 

It i s  a l so  frequently convenient to introdui-e an t l ave rage  Q t t ,  Q :  

The product occurr ing in Eq .  (89)  may be written in te r ins  of AQ and as 

Final ly ,  if AQ i s  sIl ,al l ,  Eq. (89) reduces 

The losses  may be more  complex 
model ( s e e  las t  sketch);  for example,  the 

t o  

than indicated by the preceding 
sample tube may be represented 

by a capacitor in  paral le l  with a res is tance a s  shown below. 
w a s  perfor lned on this ra ther  complex circui t .  

No analysis  
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